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FOREWORD

This Manual was prepared by the Structural Research and Development Group, Structures
Section, Research and Development Division of Republic Aviation Corporation. The work was
initiated under Contract AF33(616)-0066 in the 750A Applied Research Program, the Mechanics
of Flight, Project No. 1367, Structural Design Criteria, and Task No. 14002, "Structural
Analysis Methods". The work is now documented under Task 136710. This work was initiated
under the direction of the Structural Analysis Unit, Structures Branch, Aircraft Laboratory,
Directorate of Laboratories, Wright Air Development Center.* Mr. 1. Winnegrad acted
initially as project engine r and was succeeded by Mr. C. Richard. The Manual was com-
pleted under the direction of the Structural Analysis Unit, Configuration Research Section,
Structures Branch, Flight Dynamics Laboratory, Deputy Commander/Technology, Aero-
nautical Systems Division, with Mr. G. E. Maddux as Project Engineer.

v. The work was coordinated and supervised by Dr. R. S. Levy, Head of the Structural Re-
search anid Development Group. His valvable suggestions and criticisms are gratefully
aciknowledged as are those of the following personnel of the Applied Research and Develop-

,ment Division of Republic Aviation Corporation: Mr. A. Alberi, Acting Manager of Tech-

nical Engineering; Mr. C. Rosenkranz, Acting Chief Structures Engineer; and Mr. C.
Meissner, Principal Structures Engineer.

NOTES ON USING THE MANUAL

This Manual consists of five basic sections, divided into numbered sub-sections
and paragraphs. For simplicity in cross-referencing material in the text, all portions of
the Manual designated with a two-tier number (e.g., 1, 1) are considered sub-sections, and
all portions designated by numbers of three or more tiers (e. g., 1.1.1 or 1. 1. 1. 1) are
considered paragraphs.

Throughout the Manual, the numbered paragraphs (or sub-sections) have been used
as the basis for mmberlng figures, tables, and equations, with new sequences beginning
with each numbered paragraph. Figure and table numbers consist of an appropriate pu-a-
graph number, followed by a sequence number for the particular figure or table. For

101. convenience the paragraph designations have been omitted from the equation numbers. When
tn equation from another paragraph is cited in the text, the number of the paragraph in which
that equation occurs Is also cited. When a puragraph number is not given in conjunction with
the citation of an equation, it is to be assumed that the oquation is Included in the paragraph
in which the citation occurs.

References are listed at the end of those sections which have more than one reference.

In addition, each section contains its own complete table of contents and list of symbols.

*Now under direction of Flight Dynamis Laboratory, Directorate of Acromechanics,

Aeronautical System s Division,
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ABSTRACT

Thissecond volume of tA Thermo -Structural Analysis Manual consers
eon ifl,,

additional problems in the field of thermal and mechanical stress analysis.not
fully treated in Volume I. Speciallemphasis ig given to nonlinear analysis of
beams and plates and to axisymmetric thermo-elastic analysis of thin shell ,,
Following the format of Volume I, nondimensional graphs, formulas and tables

141 . aie developed where feasible. ror clarification of the analytical techniques and
the use of the numerical data, illustrative examples are given.

Thf following problems a*e treated in five individual sections:

(1) Large deflection analysis of straight elastic beams with axial end
restraint and axial end loads coupled with transverse leading and
temperature'.

(2) Approximate determination of 4 e axial end loads and deformations
in heated beam columns with initial eccentricities

(3) ")pproximate solutions for V, bucklingo eccentric columns accom-
modating nonlinear stress-strain laws,

(4) )Axisymmetric large deflectionaof circhilar nlates subjected to
thermal and mechanical loads,.",

(5) Afxisymmetric thermo-elastic analysis of thin shells.

PUBLICATION RE V W

This publication has been reviewed and is approved,

FOR THE COMMANDER:

.F. HiOLUM
CiIeI&± Str-uotue aranch
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INTIIOI)UCTION

This Volume If of the Manual is an extension of the basic work presented in
Votime I and covers the following special problem areas in heated beams, plates and

(1) Nonlinear beam analyses including the effects of initial eccentricitics and
nonlinear material properties.

(2) Elastic circular plates loaded and heated axisymmetrically, considering
the effects of large deflections

(3) The axisymmetric thermoclastio analysis of shells developed in Volume I
i:; generalized, removing the restrictions on geometry and including the
effects of arbitrary temperature variations through the thickness.

The material is presented in the form of five independent reports or sections.

The emphasis has been placed on the development of analytical techniques and
formulas with their corresponding physical interpretations. Where feasible, the in-
vetigations arc self-contained, starting with fundamental theoretical considerations
and notions in the field of static thermo-structural analysis. However, the reader may
find it useful to refer to Volume I where a systematic development of the basic concepts
is ,,iven.

Brief simmaries of the five sections of this volume of the MTanual follow.

Sectior 1. Beam Columns Subjected to Elevated Temperature and Mechanical Loads

This section treats beam columns with axial end re:-train - ... t nd loads coupled with
tr.,,nsverse 1hads and temperature gradients. Numerical results, , -,et" within the frame-
wv rk of largo deflection beam theory are tabulated for certain case-

Section 2. Approximate Solution for an Axially Restrained Column Subjected to
Elevated Temperature and Lateral Load

This section presents an approximate method of solution of the heated beam columv
problem. T!,c method is amenable to problems involving spanwise variations of load th( rmal
gradicnts an I stiffness and permits treatment of initial eccentricities.

Sectior 3. tipproximate Solution for the Buckling of Eccentric Columns

This s 'ction develops and presents nondimensional curves to .- edict column buckling
1, ds. Nonl near stress-strain relationships are accommodated as well as lateral loads and
i: tial eccen ricities or thermally induced deformations.

Section 4. Axisymmetric Large Deflections of Circular Plates Subjected 1o
Thermal and Mechanical Loads

"ixe r... "' n of membrane stresses and bending is considered for axially restrained
c ocular plates subjected to heat and load. The differential equations gov 2rning the axisym-
r tric case are derived and an iterative digital scheme is used to obtain iumerical results
f, r a special case over a wide range of temperature and load parameters

ADD TR 60-517 xl
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Section 5. Axisymmetric Stresses and Deflections in Shells Due to Thermal and

Mechanical Loads

The general equation for linear elastic analysis of axisymmetric shell problems is
developed including the effects of temperature and load. The special c!ases of conical and
cylindrical shells are developed and a numerical example is given for a cylL. Jer with
temperature gradients through the thickness and along the length.

'
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SECTION 1

BEAM COLUMNS SUBJECTED TO ELEVATED TEMPERATURE

AND~ MECHANICAL LOADS

by

M. Forray

M. Newman

NMlanuscript releas ed by the author., February 19 62 for publication as a WADD Technical
lleport.
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SECTION 1

BEAM COLUMNS SUBJECTED TO ELEVATED TEMPERATURE

AND MECHANICAL LOADS

1i 1. SUMMARY

This report considers the nonlinear analysis (large deflections) of beams with axial
end restraints and axial end loads coupled with transverse loading and temperature.

In order to keep the number of parameters within practical limits the following con-
ditions are investigated:

(1) Distributed transverse loads are uniform over the span while concentrated
loads are at the midspan.

(2) Tne temperature varies linearly through the depth and is constant in a span-
wise direction.

(3) The beam is assumed to be simply supported at its ends for bending and
elastically restrained axially ('igure 1. 3-1).

Tables of numerical results in nondimensional form are presented for the c,,eses of
zero an.1 full axial end restraint in rectangular beams. These tables may be used to dete,.,-
mine maximum deflections and bending moments.

1. 2 INTRODUCTION

In structural analysis beam columns differ from simple beams in that the addition of
axial end loads and restraints Interact with transverse loads in a nonlinear manner, thus In-
validating the principle of superposition (Reference 1-1).

When the axial end loads are specified and the beam is unrestrained axially, the solu-
tion for bendiing moments and deflections are obtained, in general, by solving a linear, non-
lhomogeneous differential equation with constant coefficients subject to appropriate boundary
conditions. If, in addition, the beam is restrained axially, the total end load is an unknown
and an additional compatibility relation must be employed.

The analysis presented considers a beam of constant cross section for which the
Bernoulli--Euler assumption of classical beam theory Is employed. This implies that plane
sections perpendicular to the centroidal axis before bending remain pane and perpendicular

to the deflected centroldal axis. It is further assumed that the material behavior is linearly
elastic.

show- at the seemingly approximat t-section 1. 3)
'"::; :':" :It c an he son that th emnlprxmte technique used below (Sub-eto ,3

yields results which are identical to those obtained by a moderately large deflectic analysis
In which nonlinear strain-displacement relations are employed.

1. 2



1.2 (Cont'd)

The following symbols are used throughout this section:

b Width of rectangular bear.
V.h Depth of beam

X Spanwise coordinate
,Qy Vertical deflection

y Nondimensional central deflection

A Cross sectional area
E Young' s modulus

H Magnitude of axial load in beam
I Moment of inertia

2K Spring stiffnes.; of axial end restraint
L Half beam length
M Bending m-oment

M Nondimensional central bending moment
P Known applied axial end load

2Q_ Concentrated rnidspan transverse load
QQ Nondimensional concentrated midspan load
T., T 0Temperatures at lower and upper beam faces, respectively

k'PT Nondimenslonal temperature differences between upper and lower beam faces
dT Nondimensional average temnperature

W __Intensity of uniformly distributed transverse load
W, WNondirnensional uniformly distrbuted load

$ Coefficient rf linear thermal expansion
13 Ratio of distance from lower beam face to centroidal axis to the total depth

~i~j L, nond i ens ional.i /k~SUBSCB IT
lvi lDue to m~echanical load";
T lDuQ to temperatutre

1. 13 DE)I~VATlION OF'_BASIC'EfAlN

The heam (F~igu re 1. :3- 1) is referred to a rect angular coordinate sys'tem i which
truns verse deflecthmtis y am!d(ist ane- atong the Cent r()ida I ax is are measunred fr()mi a point onl
the undeetd cent roidal ax is at ini-spanl. Specified axial end loads are de-not d by P1 and
the elastc axital restraints are shown senat ial lv as spring~s with stitffness 2K. WVe , sumie
uriforin (list rihuted lads of mien it %V and at mid-span COnlt rated NO of mapnitde 2Q.

Tetea i ahp e variation th rough the thcns slnavrigiol 1Ltl'lower c
treme fiber to TI' at the upper ext reme fiher.

Mince the temperature dist ribtiton varies Unal ihrespect to Catsineooi
nate.S it pjroduAces no0 stresses in an external unrestrained hea i (R~eference 1-2). Inm this
case, the stress -free thermal curvature is given by()



1.3 (Conted)

2Q lb

All'l

A P, 17centroidal axis ___-___~

2KV X

~ ' LL~ L

r 7 h

FIGURE 1. 3-1 BEAM COLUMN -MODEL USED FOR ANALYSIS

We now consider that the external specified and riedundant mechanical loads are ap-
plied to this thermally bent beam. Designating the additional curvature pr du-ed by these

qo=mechanical loads as y, it follows that

-Ml Hy (W L +Q) (- ) W (L-x (2)

where positive moments cause compression in the outer fiber-s, y is the tota.l de.fleci ion, and
:n,, 6H is thie mnagnitude of tho axial load in beam*. The negative and positive aigns in tke first

'so term of the right hand side of Eq. (2) refer to compression and tension respectively, Adding
Eqs. (1) and (2) and rearr anging yields

11N, w 2 (IN
y" +-'- (L - x) L S 1~>~' .El 21El h o

nou- tosm ty At Is only necess ary to consider one half of the 1ean, so that the di tervn-
tial equation given by Eq. (3) applies In the lutema 0vi n) x -Land yV() is an even fund ion,
iLe. ,y(x)- y(-x). The boundary conditions are given by

Qyl (0) y,,L 0 (

1.4 SOLUTION OF EQUATlONS

. .. .The complete Q~utlons of Eqs. (3) and (4) of Sub)-section 1. 3 for (lhe cases ofa ii
compression and tension, respectively, are written as follows.

11J is always taken as po,4ltlve , regard less of whether the ;Llal load is tensilti or comprs -
Si ve.

Z:' 1.4



1.4 (Coxitld)

(1) Axial Compression

siY=Lx + -- ~ - A ( TJ
E 3  Cos A1 X2 coX E 2  h(-

via)

IF"WX 2  + X +QL W
W. 2 ~2 [h (T T EL 2E ~l

(2) Axial Tension

Q sin X x -L) + cosh Xx [W -T.)
E>3  coshX L >2 L 2L> h 0o

Wx, Qx cohX QL \l ±

2 2 EA
2EX2 2 2 l 0 d l 2E

where

H for cnpesol

Trhe soinion is tat *iot comiplete since, in general the axial end load 1.t and hience X is; unknown.
An add~onal comnpatib~ilty relationship miust be 'uploved to evaluate ths quant it Sucha
relationship Is ol~Auiued by nWthy that the change i lie spauw ise ditance between the beami
ends (due to bend lug, thermnal expansion. and mnechanical axial stiinus mos.,t he equal to the total
change In length of the axia-1 end restraints, This condit ion cani be expressed by

(/ ) Ill. - r +

w her " psitive and iwagtlye signas ans odiaud with It referi to c0301WC85 in and tensh i n espec -
Wv' ant du~lfnes "he location tl the ccU n-iciAl axiS iurII1.

Pcent reial axis -

lo..

1IAl . -1 PAI{ANIET;I'R fiDEFINING CENTRUIDI)A AXIS LOCA'TON
,,H



1.4 (Co nttd)

Substitution of Eqs. (1a) and (1b) into (3) and. simplifying yields for the compression case

[(ksin- ((os2 ~5 + 3

LI sinj 10 5 x L V~ si,-
+ 2 _ '1 2 2

4 (sinA-Cos)

2-d 4- Id

30 cosACs

LW AL2 n +~ CO (4 a)

4 2 2+

(sin K ',9 ~- +
-3 j -3 -2

2i' 1  E - 'inh P oh
+ + 2i2A L 1 0

\ sinh 2, Ln ti
P+

2 3

Cus



1. 4 (Cont'd)

where

30

'WL 3

X L + A E I for tension

HL- for compression
EI

o1 d

Equations (4a) muid (4h) are transcendental equtat ions from which may be det ermne d,
Equations (Pa) aund (ib) then vield( the def lections for the known V aluies ofk X In general, Eqs.
(4) are difficult to solve except byg -rph ical or trial and error procedti rs. In addition pre-
sentat ion of numerical results for the large nit iher of parameters appearing in liii ge~neral
problem is cumhuers ome. For these reasons, the noumber of parameters to hw used in the pro-

Oslo, ~ sentat ion of numerical results have been reduced 1v restricting considerations to the follow in',

V.(1) The heamn cross sect ion is ret angla r anmd therefore g

(SK2' The beamn is prcvented from moving axialva t ns( -- * rfree to

. z..': - move axially (K - 0).

(3) The tranisverse load is eit her uniform over the span or concent ratyl at the
mid -spai.

1 .5 Nt'Il{t.AW \t Ri ES11LjTS FOR BA:ItS OFl R ECi'A NG U tARIN C ROSS 'SE CTt)N

A'.SE A\ -~ o U nir trases load over thle spanl with en1ds lk riv est rained aIXiZ1l l\

The beani is shlowniscea til in 1igure 1. 5 - 1 tOr ths case, we sutt e

Q = i, f ~,, ani1( into Eqts. t t) and kl) of Sob-Sec',i on 1. -1. 11 ting nnlresoa

ito ant it i s:

V1~' 12 W

'tnsI it K hVC

1,7
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for the case of compressive end loads, while for the tensile case

[sinh 2 + 2
j 2 L cosiizi 3

(2b)

+_(sinh X- )osh i) L
Xcosh E X d

k-- 2  j 2 + 7dj coshl ~~ + 2

r 1 r 1(3b)

L' dj Lcoshx

V! of is Y, anti 12 for various combinations of f ' adWare given in TIable 1, 5- 1.

This table permits the deter mination, either directly or by interpolation, of the; asial end
loads, maximum (central) deflection and ni aximum hending moment correspond ing to speei -

tied temperatures and transverse loading. A Q acase, ext ractedl from11 the table is lot-
ted] in Figure 1. 5-2, showing the variat ions in end load, central bending moment and deflec -

tion with average temperature when the temperature ditference and tranlsverse load are
held constant.

The flgnro shows that extremely large values of l are retuired to raise the conpres-

ATsive end lWad to values in the nelghborhood ot the critical Euler v alues R 1. 57.

This is line to the fawt th:P additional beam expansions caused by incueasing the av erage tem-n.
pe rature are accommodated by further bending with very ILe% chatge of compes si ye end
load.

Thwn, although lhe theoretical end load in apet fect lv si might axial ly rest rained

VIA.clum C n1111 reaches the Euler. buckling loaid when -.It, values, of 1i severll orders

Qof inagu tud hi'lighe r luau 101s can act ually he ah 1i d vit hoot c'XCi>. 'V 01-i e sso di'-
. .. . ........... .flect ions occuring. In this respect thermal huckling differs s ignificantlv fromn huc ii'g

cause'd by de adw eight I omds, Since st res ses and dcl led ins tend to become exccss ix lv I g
when me1chanlical loads exceed the. Euler buclkling vale.

I's T
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CASE B -Concentrated transverse load at midspan with ends rigidly restrained axially,

For this case, we substitute WN = 0, " ad - =0 into Eqs. (1) and (4) of Sub-section
2 K

1.4. Nondimenslonal quantities are as defined by Eq. (1) and in addition we define

- 1 (4)

Ebh

_ F(OOS2 X 5

-+ - I'

4Qsin 4 QiX

-~ sin +tn (

for ikle CaIse uf oip~sh nd loads, N0100 forhei e C Ise

1(osh I

21-

tal 'k ~ >" N i 3

c~ 0'

Id e give ill

Value of , ,aNI hr J~b"Iion, Of T and ;1r1g~eni

Table 1.5-2.
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VALUES OF X, vAND DA FOR SPL'CIFIED VALUES OFT F A ND WV

(Pages 1,12 through I. 37)
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TABLE 1. 5-1 (Cont'd)
VALUES OF X, yAN]) M FOR SPECIFIED VALUES OF Td T AND W
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TABLE 1. 5-1 (Cont'd)

VALUES i)F X, y AND M FOR SPECIFIED VALUES OF Td T AND WT
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At TABLE 1, 5 -1 (Cont'd)
VALUES OF X, y AND M FOR SPECIFIED VALUES OF T T AND W
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TABLE 1. 5-1 (Conttd)
VALUE S OF X, y AND M FOR SPECIFIED VALUES OF Td TI AND W
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TABLE 1. 5-1 (Cont'd)
* VALUES OF>., -y AND M FOR SPECIFIED VALUES OF T TAND W
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CASE C - Transverse load uniformly distributed or concentrated at midspan - speci-
fied axial loads (zevo axial end restraint):

The beam is shown schematically in Figure 1. 5-3. Since the ends are unrestrained
axially, the beam ends are free to move due to the action of temperature, transverse loads
and specified end loads. Hence the compatibility Eqs. (2) and (5) do not apply, and since X
is now a known quantity, the maximum deflections and bending moments may be de.ermined
directly from Eqs. (3) and (6). These quantities are independent ,- the average temperature
in the beam.

:;! wlb

H

FIGURE 1. 5-3. RECTANGULAR BEAM WITH ZERO AXIAL END
RESTRAINT AND SPECIFIED AXIAL LOADS

It is important to note that when the end loadings are specified then a modified princi-
ple of superposition as shown by Figure 1.5-4a may be used, The figure shows that the re-
sultant effect of several transverse loads and toniporature distributions acting simultaneously

Q Q

(Temp. distribution 'IT 1 i) (Temp. distribution "T 2
11) (Temp.. distribution

0-gi. UTI + T2 "')

(a) Superposition valid for an ai~alY unrestrained beami with spactied end loads "H"

2A._..: #U 2 i I i L 2 1

(Temp. distribution "T1 il) (Temp, distribution "T2") (Top. distribution
2..?"T + Ty' t?)

(b) Superposltion not valid for an axially restrained beam

FIGURE 1.5-4 MODIFIED SUPERPOSITION PRINCIPLE

5-
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In the presence of a specified axial load car, be obtained by superposing the effects of the indi-
vidual transverse leads and temperatures acting with the axial load.

However, this superposition principle is not valid when the ends are restrained axially
(e. g., Cases A and B). In such casc the axial loads depend on the transverse loads and tem-
peratures nonlinearly.

1.6 U jE OF THE TABLES

Tables 1. 5-1 and 1. 5-2 are reproductions of IBM 7090 digital computer numerical
solutions for the beam-column problem. 'Fable 1.5-1 presents results for the cse of uniform1%'ii transverse loading and Table 1.5-2 applies for concentrated midspan loads, Each table is
first subdivided Into sections corresponding to given temperature differences and transverse
loads and then further subdivided into compressive and tensile end loading cases. Since the
qtn.,tites W, T and T specified in a given problem will not in general coincide with those

listed in the tables, interpolation must be employed. The important quantity to be evaluated is
the nondimensional end loading parameter, and the spacing of the tabulated values has been
made sufficiently close so as to allow reasonably accurate interpolation for engineering pur-
poses. A systematic interpolation formula will be given as part ot an illustrative problem
in Sttb-section 1. 7.

Numerical values are given In terms of a floating decimal number system and are to
be interpreted as shown by the following examnples

0. 2456582E 00 0. 2456582 x 100 0.2456582

0. 2456582E 02 =0. 2456582 x 102 24.56582

0. 2456582E-01 = 0. 2456582 x 10 0.02456582

1.7 NUMERICAL EXAMPLES

EXAMPLE t - Beam with Full Axial End Restraint:

Figure 1, 7-1 shows a simply supported strip with immovable ends subjeced to a uni-
lb.forml. distributed load of 2 . The temperature varies linearly through the thickness from

:." A n."

1000 F at the up)er face to 150' F at the lower face. Young's modulus ar the lineu- coeffici-
ent of thermal expansion are taken to be

E 30 x 10 psi

-(3:c -6 x 10 in/in - 'F.

N.' Find the ,xial end load, midspan deflection, bending moment and the maximum stress.

::,'. ,.5..
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in

.10 10

3 ' - ___ -1500 F

FIGURE 1. 7-i ILLUSTRATIVE PROBLEM; STRIP WITH IMMOVABLE ENDS

SOL UTION

From Figure 1. 7-1 and the given data,

b 1"t T 0 100'F

h z0. 1011 T. 150" F

L 5"E =30x 106 psi

in c 6 x 10 ill/in - F

Therefore

Eb kh 6 01( ( 30) (10, )

'rT T =6-- (10) (100-150) 0.75

(T + 1 ) 6 (10)6 -v (1004 150) z 3.75

Lizing the above nondimensional quantities we must now, utilize TablIe 1. 5-1 to (letormihe the
fl ondiinens jonna xxial loading parameter AX. Since the table doues not give -xdirectN iv or the
above conlibinlation of quanl~titieS the followini~g llnterp olat fil procedure is recommlienlded:

() Det ermine the next I ow~. and higher z e fX n r ie ntetbe
D~esignate these vaiu s ".18 W and WX respectively. For this example

00

1.58
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(2) Determine the next loe n ihrvle fTthat are given in the table.

Designate these values aF Td and Tdl respectively,

For thi- .- ztfple

,*4. 0 a ndT d 4 0 n

d!

.p~.(5) For each of the four combinations (WOTO)
(W. T) the table lists Vts corresponding to T's on either side of the given

value for T. Denote the values of T 1i,,:gd in the tables for the com-bination
(W1,I Tdj) by (T, Ti.) and the corresponding values of X by ( X where

Y.. <1 <f!.
ii 1)

For this example

'00  ~ 00  =.

Tl :=3, 896 00 1

T 3. 041 X -1. 2
01 01

Tt , 17l4 = -1, 3

T1 3. 41 W .

10 -

10 =0 1.~t -1

A 13

I i

1. 59
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where

At 11 1 11

dl d 10 10o+(T

4 0 0 )
IT,

n - z d.i - T

0 0

Substituting the known quantities into the above formula yields
A

zm;A j =-.524

: P: -Thus the axial end load is given by

;, E 27,' 4 lb (compression)

Trhe nondinens lonal deflection and bending nion'ient at in ldspali can be tietermined from
MA DOhW 1. 5-1 usmng an itd ntieal i nterpolaion procedure. However, a simlpler and mo1re aC-

curate method is to substitute the known values of X, W, and TI intC EqIS. (2) (I Subsection
L. 5k). ii-ect substitution yieldsd

~.9. ~t -1. 60 anti

Ni L7h JN X 0
j QV so that

= .10) (1. 60) 16 in. (downward)

4 _

~~ = EEbh

4
- (2 92

12 (5)2

29. 4 In, -lb (compression in uipper fiber)

F qs. (3b) a re not to be used here sin,. c Wey apply only for, 0 (tension

1.60
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The maximum stress is thus

+ 17 900 psi.
m ax a la 2

The effect of axially restraining the beam is evidenced by comparing these results
with those for an axially unrestrained and simply supported beam subjected to the same
transverse loading and temperature but with H =0. In such a case the central deflection,

"'Abending moment and maximum stress are given by (Section 4 of Reference 1-2):

4 ce (T T L

Yj 3-84EI 2h

*~ 0 A

-. 104 + .038

. 142 in

W 2

~S1I~r~~x0 .M(L 25 In-lb.

Thu, n tisca, nglecting aseanxial end restraint which may be present yields unconserva-

tiv rsuls orboth the central deflection and maximlum stress.

EXAMPLE 11 - Unrestrained Btam C(Inn With Pres;cribed Axial Load

Fiue1. --2 shows a simply supported strip wvith nmovablu ends and a pr-escribe'd
210 lb1 tenlsile load subjected to a coniceal ratedi imidspan load of 10 llbs. The emiperatture' varies

lnarly througih the thic'kness from 200' F at thle tipper face to 1 50* F at thle bottom face.
Young' s modulu1s11 and the linear coefficient of thermal expansion are given as

=30) X to psi

Find thle Ildpanl deflectionl, benlding 11nielit An ith IWl1L\il muml str-es

w.*.

1G I; L' 1. 72 11, .LU,.'l{ATIVE P ~iIl .KMI; p~i'1 WITH Nt)V..\L, E ;NDS

.......... ~~~ . .1
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SOLUTION

From Figure 1. 7-2 and the given data:

b 1"t T =200OF
0

L= 6"1
E =30 x 10 6 ps

Q5 lb

H 20 lb Y ~6 x10 in/ino F

Therefore

3 3
-12QL - j2) (5) (6)105

't 6 (0 )4
Ebb 30 (10)()(0)

T () 2  ('r T 6r 6(10)6 6 (200 -150) 1. 69

d 11jffi =. 75

(-0 (-10 1 . 0 8) 12

As dt scus-.-ed in Sub-section 1. 5, since the ends are free to move, the bending response
of the be-111 i ,: independent of the average te moper atore. The central deflect ion* and bend~l
moment can thus lie obtained byv di rect substitution of the nondinmensional paramieters in~to
1Eqs. (0b) of Su4b-section 1.. 5. TVhis yieldq

V K ].674
xz

LbI)

so that

N.. 054 in (downward)
J o

NI =26. 5 in-lb> (compression in upper fiber).

PThis3 is no, always the matiximium deflection (fwe Sub-secttI1.)

1.62



1.8 ADDITIONAL CONSIDERATIONS

(1) Application of Basic Equations to the Case of Unequal Elastic End Restraints.

The general formulas presented in Sub-section 1. 3 have been developed for the case
of equal elastic end restraints of stiffness 2K (Figure 1.3-1). As is frequently the case, these
restraints may be unequal. This situation can be accomodated by replacing the quantity 2K

4K K
12

in Sub-section 1. 3 with the equivalent quantity + K where 2K and 2K are the unequal spring

stlffnesses. Thus for example in the special case where one end is held (K1 =) then

4K. K+2 - 4K and this quantity is to be substituted for 2K in Eqs. (3) and (4) of
K-___MK +K 2'1 1 2
Sub-section 1. 4. This procedure will yield the correct results for the deflection and
bending moment.

(2) Maximum Bending Moments and Deflections,

This report presents results for the determination of the central deflection
and bending moment for a symmetrically loaded beam-column. It can be shown by the usual
maximum-minimum pi'ocedure that the central bending moment is always numerically the
largest bending moment in the beam. If the temperatures and loads tend to produce curva-
tures in the same direction then the central deflection Is a maximum. However where
temperature and loads tend to relieve each other, the central deflection may not be a maxi-
mum. f this quantityis desired it may be found by considering the full deflection formula
(Eq. (1) of Sub-sectior 1. 4).
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, AV SECTION 2

APPROXIMATE SOLUTION FOR i.N AXIALLY RESTRAllI~D COLUMN

SUBJECTED TO ELEVATED TEMPERATURES AND LATERAL L-OADS

2,1 SUJMMARY

Oil Approximate solutions are obtained for the axial compressive load and the lateral
deflections of columns which are restrained by an axial spring and subjected to anl increase
in tenmerature. The solutions are presented graphically in terms of nondirnensional pa in-

Ow" meters.

a The problem considered is a column of arb ranry cross section with pinned or clamped
enids subjected to an arbitrary temnper aturec and lateral load di st ribdtion in addition to fCite
initial eccentricities, The effects of the thermal gradients, lateral loads, noni-i inear ax\ial
springs, and last ic ity of th~e matercial. are discussed. The s imp ier problem of ccnst ant
bending stiffness is explored to illustrate the evaluation of the nondiniens boal pma mters.

2. 1. 1 Def inition ofSymbols

The following symbols are usedl throughout this sectioni:

a Amplitude of later al deflection, inches
1) Axial ext ens ion paramec.ter (h) = T .' 1

1) Width of rectangular c ros--s sect ion, inches

d A\xial shortening" pza rce r

1h Dqii of cross section af cain n, inches
IlInteger iniidic ating order -A the deformnat ion mode
k XxiaiUstiffnss -<f ond ro.est-in , pounds per inch

I ~nothi of columnil, inches:
In.Coof~cens e~r sshz e lalueral JWfornlatiOn a.' a j)'Vn~lloil, inches

q I ~teral load. plotn pcel llOrecrnc
r. V'rc function. Itat of W1 ;it &W Wa incolmn to a drm

load kl( lxi F~

I 1ate ral def'i ect in kf cola:nin , inc-hes
xAx al courdi nate of colim, achels

z Later'al coordinlate Of COVIII me OS cros ec'ti~l ron. ches
lCoefticient -,A tl~erinar "Waer) exeansion, inches per inh F

A Del lction of e-nds of co.ua~n. ireches
A ~increlnenal chamgr

Axial strain duie Io ax\ial load or tat III'rC, it rhes per ml

LoAadl p~ar amete r '1 '

Curvatur e of column, 1I ulche s
X. Eievalne for wich non- triial SWt nr im of tne ditocrent a~l equilibhrlinm

II

WI.,ulation exist (X. /sq, inches
hiiEl



2. 1. 1 (Cntd)

w Figenvalue (A. t an AL

Nondirniensional axial coordinate (~=x/1)

p Effective radius 01 gyration E/Ainches
p a Axial1 stress (a =F/A), psi

ci Stiffness function. Ratio of bending stiffness of cross section to a reference

AMbending stiffness (W~) E x

E 0 12 0

Additional axial shortening functionK 0 -i

/
Nondirrensional linear axial shortening teri 0 1 - + 2

A Cross sectional area. sq. inches
C A\nlitude of murvature Q. FC.

E eniU moduluis (E,= W/E i Or a linear mntcriaii', jai

Axia stiffness TAN E dA\ note E z dA 1)6I

EK I Bendinig st iffniess J!K E z- A), 1 innds szuar e inchies

F' AMia OWl in columnll lt,
Momeunt, of in rtha of crioss sectiOns, Vis '

I. lai lee hof coilillit (I. ' ' ineche>
?,l ln'en! 01 l I- w'l), pounid>- per. inch
P l~'edounilit loa rasv rs1,e
I' l~~"e'ilie IatulVQ inicrement fronm datunmi, 'F

S, U 3C it I PTS

0 Condliti on beforeQ 1111m*atii I la loakd

T' IC tO ''nlri~r

S.. Si ~nlr ik. elo~'lV OIIItn

s r Si tti~ ~e clanile 1), li r'il i

11 )f th o ,1 !1111 11 ; 1 i 11 :1 l t 11 t 1

a . .3', LII Vlni, U I cps !nsi

tUillitti~ll Of 010 Olhhll , S1iffnelLS! :11-0 .xild load ill t ' lIti Vl'i t.> tilo tttt it', dl
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ditlons. Basic orthogonality relationships exist among th characteristic deformation modes
which are used In obtaining a solution for the column in a thermal and mechanical environment.

(2) The deformations of a cotumn subjected to lateral loadings and temperature
gradients in addition to an axial load are then determined by solving the equilibrium equation.
The analysis results in a solution in terms of the "initial" deformations caused by the lateral
loads, thermal gradients, and manufacturing and loading eccentricities acting on a column
with no axial load, These "initial" deformations grow with the magnitude of the axial load.
Each characteristic deformation mode is magnified as a rectangular hyperbola, b a factor

( -- which is a function of the applied load and the characteristic "buckling" load cor-

responding to the deformation mode. The method of determining deformation modes and cor-
responding buckling loads is illustrated for columns of constant bending stiffness with pinned
or clamped ends.

(3) The axial load is the1 ,pressed as the solution of a compatibility equation
which considers the thermal expansion, the lateral deflection, and the axial deformation of a
restraining spAng. The axial load determined by this method satisfies both the equilibrium
and compatibility conditions of the structure. The solution is, therefdre, correct for a re-
versible (ote to one relationship of load and deformation) structure even though a column de-

t'. forms non-linearly with load.

(4) T-e compatibility equation is quite difficult to solve but a simple and reason-
able approximation of the additional axial shortening of the column due to the axial load re-
duces the compatibility equation to a form which cai: be readily solved by graphical means.

(5) The solutions of the axial load and deformation of columns are presented for
pinned (simple) or clamped ends simplified by applicable formulae and gi aphs together with
a computational procedure and illustrative problems. The techniques to obtain the "initial"
deformations due to iateral load and thermal gradients, and the effective stiffness of the
restraining spring are also presented. Tlle effects of nonlinearity in the spring or material
are discussed.

2.2 ANALYSIS

,t oiaI 5 The mathematical relationships necessary to solve the problem are derived in
:Qi' " ~&Reference 2-1. The results are summarized below.

. ..... 2.2.1 Relationships of Deformation Modes

Various orthogonality relationships exist betveen the characteristic deflection modes
and their derivatives whenever the boundary conditions are natural '.g. , free, clamped,

simple, etc. ). These relationships are useful ill evaluating the initial and final lateral de-
' formations as well as the axial shortening in terms of these characteristic modes.

Orthogon.)1ity ielationships, (see Section 1A of Reference 2--1) are obtained by solving
the homogeneous differ,. tial equilibrium equation

(cw")" + X(rw')' 0 (1)

2.5
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where

(0 is the ratio of bending stiffness to a reference bending stiffness (E Io )

w is the lateral deflection
r is the ratio of the axial load in the cross section to the reference

load (F0 )

F
,X ," Is the eigenvalue E-I

0 0

The following orthogonality relatienships are derived

(rw l) l wk dx 0 i x-k (2)
0

Thus the characteristic modes, wi,.ch are the solutions to the differential equilibrium

equation, are orthogonal to the derivative of the weighted slope (r W)t . For end loads
(r = 1), the deflection and curvature modes -are orthogonal. This relationship permits the de--
termination of the amplitudes of the deflection modes for the lateral deflections caused by the
lateral ioad and thermal gradients ard permits the determination of the growth of these modes
when the column is compressed.

. rw! w1 dx 0 ik (3)
0

Similarly, the slopes of the deflection modes are orthogonal wits respect to a load
weighting factor (r), This relationship permits the rapid determination of the axial shortening
of the column in terms of the magnitude of the deformation modes,

f kW w1w" dx 0 il"k (4)

The orthogonality of the ei "vature with respect to the stiffness weighting function ((O),
permits the solution of the non-homogeneous differential equilibrium equation resulting from
the initial deformations due to the laterai load and thermal gradients, The effect of the
lateral load and temperature can he expressed as initial curvatures which grow as a rectang-
ular hyperbola with an increase in axial load as indicated in Figure 2. 2, 1-1.

2.2.2 Solution of Non-Homogeneous Differential Equilibrium Equation

The homogeneous differential equilibrium equation can be rewritten ais a function
of the curvature (n = w")

I.e. ±X r X= (

'The solutions of this equation results in elgenvectors of the .;urvature which are or,-
thogonal with respect to the weightingfunction ((, (Eq. (4) of Parag, aph 2.2. 1). it is assumed
that these curvature modes form a closed set for the "natural" boundary conditions (columns

of constant El (ir :-1) result to Fourier expansions). Thus, any curvature can be explossed
as a weighted sum of the eigenvectors.

. .. 2, f
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I. !e. x - . X. (2a)

where (ox.)" + X. r x. 0 (2b)

If the unrestrained column is not straight because of initial eccentricities, thermal
gradients, and la. rml loads, then the moment acting on the column is proportional to the
change in curvature and the equilibrium equation h..ma:, for an end loaded column (r 1),

: .,.;< ,- ='(3)
0

w ' .C i, c'.r,.:.h,.e caused by th, laterzj wad ard x is the cu

rct , .,, by ih er ma g;'adient.

Expressing the solution as a weighted sum of the characteristic curvatures (Eq. (2a))
which satisfy the homogeneous equation and manipulating Eq. (3) results in the soltion for the
curvature of an axially loaded column in terms of the initial curvature and the load ratio.

x -ri xi (4)

th
where bi' i corresponds to the i ,omponeut of the initial curvature of the columi, due to the

lateral load and temperature. Thus the column deforms under axial load by having each com-
ponent of the initial curvature increase by a mianification factor 1/(l-7.). Correspondingly

the slopes and later'- deflection nodes increase by this same factor,

Since the initial deformations are expressible as an infinite series of the character-
istic curvatures, it becomes expeditious to employ the initial curvatures and to integrate
this infiite series to obtain the expression for the slope whi(h is employed in obtaining the
a:xial shortening. Employing the initial slope or lateral deflection will result in a siower
convergence of the series expressing the axi. shortening and would reduce the accuracy of
the approximate procedure employed to solve the compatibility equation.

2. 2. :1 Deterination of Deformation Modes and Buckling Loads

The deflection modes (w) of the column are obtained oy solving the homogeneous
-equ ilihr in, Eq. (1) of Paragraph 2. 2. 1. The buckling loads (F.) are those values of the axial

load which result in non-trivial solutions of the equation. The technique of obtaining these

itCeIs is illustrated for a column of constant Iending stiffness ((P =1).

The homogeneous equilibrium equation for constant bending stiffness (El) Is

d -F d w 1 X w" 0 (1)
4 E1 2

(N:.- dx'

The general solution is
,w= c1 + c2 x + c3 cosv.j x - 4 sinll x (2)

where e 1 c2 , c3 , c4 are constants to t determined by the boundary conditions.

2.8



2. 2. 3 (Cont'd)

Solutions for various boundary conditions can be found in various texts. The simple-
simleclape-clampd an sml-clamped are summarized below. In addition the

method of determining the magnitude of the initial curvature modes is indicated.

/ ~ (1) Simple-Simple Column

The boundary conditions are

w (O)=w U) 0=

wit(0) wit () W 0

w a itX ~a sin 'x (3 a)

whlere w Zw.

F~-Ali _(4a)

TT X

0

wX. dx

where w1 
- j

(2) CI, niped Aij Ip~ OUo

The boundary conditions are

w (0) =w ) 0

W, (0)- v'(c I

This r-esults in twAo different types of modes. Modes which are sViietrical about tho

mnld-length of the column and miodes wh'-h are anti-symmnetrical.

For svnrtricail miodes

2 i TT x
w .: .( ~Cos ---- ~)(3b)

2.9



2. 2, 3 (Conttd)

F. 2 4 21 4_ iT -=x =(4b)
El i j

x. -co - i (5b)

tx dx
C ~ ~ jwco 2 i Txd

7!,2 dx 0
0

For anti-svi.mmetrical modes

x x x
/ 2 -- sin 2a - 1I- Cos 24-

i g sin 21 1,I- c os 2 a

sin 2qt x xO f
I_____ -" cos 2p. whr U.=taX =)L - -1 where u1 al

1 u Sil2 1 co2u

Analternate form, employ jug the mid-length of the c( o as anI origin, results i a
simpler result which is identical to thle jot ning of two s imp Ic-clamped coAllms.

ix

a "I (Pc)

U.

F.41

w here taiui p. .

and 1.= 4 3 u-. n IT

gill -~ x (5 c)2 't

V {2 V1x dx -,/X(l)

- - t/~22( dxCos -o -i TLi

0 ~~

2.10



2, 2, 3 (Cont'd)

(3) Simple Clamped Column

The boundary conditions are

N()- w"(O) 0

:1000

(sw) - (3d)

where tan L.

F. LI

E! i ; (4 Li)

X. Sill U. (5d)

w"~t x. dx
0 w" ill U. x i

The defiormat ion "alies and buck iing. wads are requnired in the deteri non ationl (f the
CL ~~~end load( and defloi of o~ li restr10 Wdt coluu aifli 5 indicated in Suthsect ion 2. 1t. If the liounda i

conuditionis or , siffness Le stribdut ion do not c oform to0 the ca 125(jf sn t or -i 'el i ove , thien the
buckling loads arnd modes must he determined for the (011110 cotIS idelred. SJleC iat CeSC :rsna~V
be fountd ii v lirious text arid reL~lcours mutst hie takent to ;tpploNi nate sohin5 when thle Lot inIOI

W 01YbecLomes mo~re2 invlvv\'d.

lvire w treiof solutio for a columrn with a I inea ir mate rial, tinopw I in this rpo2)0rt , is-
(I~bt egenral ani n handle the unore k-2001)1 e x eonliguimrt ions p rov ided the in it ial le elii 10 call

l)( heiesc ribed by (.hai rarie rliStic (cigeriVeet lt rsWith kUIOWnl (igerivai lieS.

2. 2. 4 Cornpatiilitv EquarOtion

&The xxi n'lv ureC trai ned columrin (Figure 2. 1-1 h) will d'Aorrii when subjece d to lateral
loads and t emperatLire. 'Tis win caust an axial m~otio~n of the e-Js ol the Column lof 6,

no00

whore ryT 1'-EIs the imrtiCLrat ined ax i :1s a idO otme e If the strains are not

ulifri t thenf.r1

aYT dx(1)
0 IdA

2, 11



2. 2. 4 (Cont'd)

40 axial shortening of the column due to the lateral load and temperature
0 gradients through the cross sections

Lo=~ Jo w + w )dx (I c)

The application of the axial load causes the column t.o shorten dufe to the axial strain

and additional axial shor-tening (AL - A The final movement of the ends Must be equal
AKE0
to the deformation of the axial spring F/k.

0

o AEo k

Dividing by the quantity E1 results in

Y"A
____.~L _____ hXI~T ~ U(2 b)

F XlI
WhereE 1  (

I -A AE I (2c

Noting thint

F- orA E c LA _

AEX AE 1  AL E

and

F' E EA E A
kt~~( kE -3h)

and letting

(y T- A
b (4)

and evaluating the axial shortening

1 O' +w 2 1 2~ 12
A- 0 = 0 (w- ±W dx -2j (Nv) dx ~ ('_A )dx (a

but because of the orthogonality of the characteristic slopes (Eq. (3) of Paragraph 2. 2. 1) we
obtalin

60- Z-(w 1) 2dx=~ (wy 2 dx (51))
02 J 0o . o

0 0

2.12



2. 2.4 (Contid)

and

2) 2f ~ ~ ~~ ~ [j<~ -, 
(w~ )2]) cir-j ) 2 J d

Joo

lettig

- 0 J io 0) ( (6 a)

and

(1 ~ (.(6b)

wve obtain

and

A-E A

................ bO (7)

Tho above equation is kqi ite d ~fflco I to solve, but the solution canl he simplified it' it is
not -d that tho cxpreuslon d C denotes the Increase in axial deformiation due to the g OwNth of

ththle I inode of deformation. The first mode is inagnified to a muich g~reater degree than thle
higher mnodes When the ax ia' load is compess ion. Lf fact thle first nlod, beconles pr edonli nait
.1 the xial loadpprouese the fi rst *mckl lg load, rhe approx Imate niethod utilizes this
fact in approximating the N. aloe of Q1c h- exN~di - g di~o (fur i -1 as a power series and

only emlloying. the nlos mignA iant term and by a,. proximuatng the infinit series by a %lnite
series. Ihsalpproxm :t-lon mc' A is not recommnended for tension loads, since the approxi -
Ilattell fori-' and the infinite series mlay he incorrect.

2. 1,



2. 2.4 (Conttd)

Noting that

- 1+ 277 + 377i -+ 2r (8a)

and that 1 > r/ > TI (1 2)
(8b)

cc co n

Z1 dq z=d(P I + T d.i~. is approximateliy dqO1 + 2 E 7d
i=:1 i i -2

(8 c

where n is a sufficiently large integer.

Equation (7) cail thus be approximated by

n

k d + 2 d 7_,=
+ A +2 ?7 A; 9

Letting

LA

wie obtain

or

b d. 0 0 (7

wvhe re

and

The value of the axial strain parameter (t an be dteterminod from a graphiclpo

(Figure 2. 2. 4 1 and -2) of the variation of b with tfor various di Thiti value of 1c:UI then

2. 14
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2.2.4 (Conttd)

be employed to obtain the axial load acting on ueclm n h eomtoso h oun
It should be noted that the approximate method results in an upper bound on he axial load since
It ignores a small part of the change of axial motion due to the higher modes.

2.3 PROCEDURE

The information aid technique needed to solve the problem are enumerated In the fol-,
lowing sections.

2. 3.1 Determination of Nondimensional Parameterr

By the definition Eq. (6a) of Paragraph 2. 2.,4:

Equation (9. 1. 2 -3c) of Reference 2-2 indicates that

0 o)
I El 22A

(WI) dxI
0

_ i2  0 (ib)d

and

C 2X dX
0

- 2~ (2 i)

Noting fliat

0 (4 )

dd

2. 17



23, 1 (Cont'd)

77.d.
d and will be evaluated for the chosen boundary conditions and for constant El (p 1)

utilizing Eqs. (5) and (6) of Paragraph 2. 2, 3,

() Simple-SimpleColumn

2 2C. t, /2 4 (C'
d. _2_ -~-~-f (2Lb)3, Tr-~ iT) 2 41T p ~ i

d~r 2 C t / 4 C 2

2/ (1 b)74 '1 2 -. 4

f _) Ciaxnpk .- Clamined Column

MvInnletlrical

Is i22 0 6- IT p

d. r. C'~ 4 /C

isi i 'I> 2i
2~

2 cos u, .2eosi.

d . ". 
- ---- -- - ----

2 ~ 2\~ co 2l .cos
d. r C.I K

i2 0

2. Is~



2. 3. 1 (Cont'd)

(3) Clamped-Simple Column

C2  (2C0Si 1  2 __A,

d - 2 2 ff2 P2 U 2_ (2e)

219 /1~\ 431r 4.11pu.

d~t 1  ~ ( -COS 
2g.) ~ COS Mi)

2-- (4e)

f(4) Summary

Equation (9a) of Paragraph 2. 2.4 c.- then be summarized for columns of con-
stant F1 as follows:

Simple- Simple

C 2)V' EA
~.2M 4ip + 2~,t~~ (5a)

T4 2 4 2 I

Clarnpad-C) ampedColumn

42
ca - A/ C

4-7 2 6417r p)

(5 b)

L iiL

SI~l-UClanped ('oluinn1

4: 2

4 2 P, 4-P

05 ~ ~ ~ 2 172tpL p



2. 3. 2 Computational Procedure

The following computational procedure is recommended to obtain the approximate
solution for the axial load and lateral deflection of a restrained column.

(1) Determine the axial expansion of the column due to temperature and the
lateral load, assuming, at this step, that the restraint against actual expansicn is removed.

"T " 0  J0  T o (w e dx (1)

where w = w +w
0 q T

w - lateral deflection due to lateral loads (usually obtained from
q reference texts)

WT lateral deflection due to thermal gradients (method of determin-

ing w T indicated in Section 4 of Reference 2-2).

.. axial expunsion due to temperature (method of determining (

indicated in Section 4 of Reference 2-2).
(2) Caculate the critical axial strain from Eq. (2c) of Paragraph 2. 2. -)

i f 2

g. f for simple-simple. Q i)

(3) th;xpanl the inlitial curv ature (w, X'C. x,) due to ti lateral load and tem-
0 1

perature, in terms of the characteristic curvatures of the column. A sufficient number of
terms of the series should he taken to ensure accuracy. The coefficients of the character-
istlc curvatures are obtained by the general equation

J'.r Xw'  dx
_ 0

C (2)

Formula-9 for constant El (c 1)are presented In qs. (Ga), (6b), (6e), and (Gd) of Paragraph

2. 2. 3. Tables to evaluate the integrals of Eqs. (Ga) and (6b) of Paragraph 2. 2.3 are pro-
sented i n Tables 2.3. 3. 1. 2-1 and -2.

(.4) LEvaluate the portinent parameters

&:,: ... Ai C2 1' 2
L. C ? ×1L\

S.d..- 2 (Reference Eq. (2a) of Paragraph 2. 3. 1)
2.2 2 0o A

> -,:- .t', .20



2. 3.2 (Contd)

Appropriate formulas for di are presented for columns of constant El and for the
i

chosen boundary conditions in Paragraph 2. 3. 1.

4 C.2

(e. g. d - 42 _1- for simple-simple column).

(bi) 1 + EA+ 2 d i (Reference Eq. (9b) of Paragraph 2. 2. 4)
* 12

Values of (I are indicated in Eq. (5) of Paragraph 2. 3. 1 for constant El.

EA C2e.g. I + + -_ for simple-simple column)4 2 .4
27 10

terinine~~ (efeenc Eq. (9f) of Paragraph 2. 2. 4) ofPrrah224

E5 nter Figure 2. 2. 4-1 or -2 with the appropriate values of h) a nd d and do-

The axial load is then deterniinexi fromi Eq. (3a) of Paragraph 2. 2.4.

FAZEA L- A1 EA X 0 2' (3)

() The lateral deflection of thke column could likewise be determlined '1,-

w (4;0~

(whereL the value (of T? 4.

and the N110 of can1 be Calculated 01r Litlcm11k We I ith 0he adOf Fil 111( 2. 2.1-1.

t Bill i IT.21



2.3.2 (Cont'd)

(8) A slightly better approximation to the value of -n can be obtained by employing

_ /4p i_=i

- b =(5)

which corrects for the error in approximating the initial shortening by a finite series. The
additional shortening of the higher modes is still approximated by the first term of the series
in order to simplify thu solution of the compatibility equation.

(9) The graphs can also be employed to determine the approximate average temp-
erature rise (with no cross-sectional gradient) required to produce a maximum permissible

lateral deflection. Thie permissible ratio of maximum) to initialI lateral deflection (\Wn ax

. ,, bc employed with Figure 2. 2. 1-1 to estimate a vahiu of-T) which can be utilired with d1

in Figures 2. 2, 4 to determine a value of b which could then be employed to calculate aYT. (If
. the higher modes of the initial deflection are significant, then they must be included as in-

(eiated in Eq. (4a)). The initial eccentricity will )ermit the caculation of and d As-

suming a value of ru or of ca" will permit the determination of the other firo: Figure 2. 2.4

The value of ij could then be used to determine w which could be plotted against (YT; dI'

could also be plotted against the axial load by employing Eq. (3a) of Paragr: 2. 2,4. A
typical plot is shown In Figure 2. 3.2- 1.

CYT
W1 :F1 ' (iyl)

:i:")F FoTa) w. -wF ,wa~

(rA I.Li

F -- ;"; '-wF---- -

F ALWA ,_

FIGURE 2. 3. 2-1 AXIAL LOAD AND LATERAL DEFLECTION
VS AVERAGE TEMPERATURE RISE

2.22



2. 3. 3 Initial Deformations

The initial deformations before the end load Is applied must be determined to a fair

degree of accuracy. Two methods are presented herein, The first procedure assumes that
an analytical expression for the initial lateral deflections Is available as a polynomial, while
the second method assumes that the lateral deflection is known only at a finite number of
points (e. g., determined experimentally or by computations).

2. 3.3.1. Polynomial Representation

The lateral deformation of a beam can be determined by integrating the equilibrium
equation (Eq. (3) of Paragraph 2. 2. 2) with X = 0 and employing the given boundary conditions.

Solutions for isteral loading are available in literature for the type of boundary conditions con-

14 F3 41f
sidered (e.g., wq 2 + for a simple-simple beam with uni-

form lateral load). The slopes and curvatures can be obtained by differentiating these poly-
nominial expressions. The lateral deflection due to thermal gradients is not as readily
available but can be derived quite simply by utilizing the equations of Section 4 of Reference
2-2. The technique is illustrated for the simple-simple and clamped-clamped beams.

. q, 3. 1. 1 Lateral Deformation of Beams by Temperature Gradients

Let the thermal gradient through the depth of the beam be expresseJ as a
polynomial in the spanwise dimension.

e.g. - 1 c T 1 (

where T. and T aro the temperatures on the positive aid negative side of the column111 with a
1 0

linear gradient (see Figure 2. 1-1).

If tile structure is staticalv determinate, as in a simple-simple beam, then
the hermal gradient represents the total cur,atur0 (w,) since no redundan forces are pro-
duced y the temperature. The slope aid deflection can then be obtained ly integrating this

Mcrvafure ,id employing the given houndarv conditions.

ai ,. pdx .x - g ..N _,n dtd

(2)

j +- 2+W" W .-

.) l +2)

) , .

& {A iL4) V :i 31



2.3. 3.1. 1 (Cont'd)

If the structure is statically indeterminate, as in the clamped-claped beam,
then the curvature is affected by the curvature caused by the redundant loads. Equations
(4. 2. 2. 5 -7 and -8) of Reference 2-2 can be employed to determine the deformation of the
clamped beams where subj3cted to a thermal gradient. The thermal gradient II OT-

i2
-in M / induces redundant loads P and M and the following total deformations result:

40 0

T .2L L (j +1) (j +2) (4-1) (j+2) --- j~-~-1(a

[tj+1
T F' '-l (j+1) (j+2) (j1 0+2)_

WT 7 (1~ l~)~](4 c)

2. 3. 3, 1. 2. Expansionl in Characteristic Curvatures

The jolnoinial definiti,! "f curvature canl be Convoi,d to a elgenvector ex-
pansion b\y means of Eqs. (2a) of Paragrai ~.2. 2 and (2) of Paragraph 2, 3. 2.

w~j.+ ~"-~ C. . (Rferto E. (a) ot Paragraph 2. 2. 2)

oWvxdx

C. (Refer to Eq. ()of Paragraiph 2. 3. 2)

For the simple-simple columin with constant 'El, this results in the simple
Fourier sine expanlsion of the Initial curvature.

2 ~ -d 1-~ Trxn ?Td (

0 0

where Ns" 21In

The clamiped-clamped columin with constant El and Bsymmetrical loading re-
suits In a Fourier cosine expansion.

1 w-~-' Cos 21nx 2 cos 211 d (I b)

The curvature coefficients for the clamnped-simple and thle clanvled-caTpI

columins with anti-symmetrical load miuat be similairly evalitatexi.

2.24



2.3.3. 1. 2 (Cont'd)

Tables 2. 3. 3. 1. 2-1 and -2 present the values of the integrals for the simple-
simple and the symmetrical clamped-clamped columns.

TABLE 2. 3. 3.1.2-1 FOURIER EXPANSION OF MONOMIAL FOR SIMPLE-SIMPLE COLUMN

__ _ _ 2 34 56

0 .6366 0 .2122 0 .12732 0

1 .3183 -. 1591 .1061 -. 07958 .06366 -. 05305

2 .1893 -. 1591l . 1013 -. 07958 .06262 -05303

1,3 28 -. 1350 . 09894 -. 07655 .06211 -. 05215 __

4 .0814 -. 1108.09241 I-.07353 j.06061 - 52

5 . 06541 -. 09078 . 08383 -. 06988 1 05862 -. 05011

6.05038-,79 07489 -. 06560 I.05629 -. 041872
7 .03995 -. 06258 .06647 .06099 .56 .0471

.05308212
-.0343 05280 .05889 -. 05631 .05088  - 0 -537

9 . 02683 -. 04503 .05-22 3 -. 105176 .04799 -0350

10 .02256 -03877 .04644 -. 04748 . 04510 -. 034155

Xc i'I1TX 1

C -Xm, sil n~d 1, In sc), i) (2 a)

-,l ,2 j

ki TO kj 1

*0~~ Sj j) s25



2.3.3. 1.2 (Cont'd)

TABLE 2.3.3. 1.2-2 FOURIER EXPANSION OF MONOMIAL FOR CLAMPED- CLA.MPED

CLUMN

_____ ________C~ i)_ _ _ _

12 3 41 5 6

1 09 0 0 0 0

2 .05066 . 01267 .00563 .00317 .00203 .00141

3 .07599 .01900 .00844 .00475 .00304 .00211

4 .08592 .024137 .01107 .00627 .00403 .00280

508 815 .02926 .01360 . 0777 .00500 . 00349

6 066~ 03337 .01595 .00920 .0059 .00416

7 .08353 035 .109 .01057 .00688 .0482

8 .07967 .0388:3 .02000 .015 .00777 . 0054G)

A'9 .07563 . 04033 .02 166 .034 .00862 .00609

10 ,07167" . 04 120 j 2 23 08 0 . 14 14 J 0042 0 066 G9

1: CCol ix I II

COS 1:1 o i Ti td ~ L E-- ~Ill . (Co. i) (3 a)

Ii

C(ji) wz co O2 if d~

hi (31' (.)J' ))1~

2 t 2 T) (2i 7) (j i)

a-1.k



C

2.3,3.2 Discrete Lateral Deformation

In some instances the lateral deflection is not known as a continuous function, but

is determined analytically (see Paragraph 4.2. 1 of Reference 2-2) or experimentally at a

discrete number of points. The deformation of 'n" discrete points can be employed to obtain

an approximating expansion of "n" characteristic deflection shapes. The amplitude of the "n"

characteristic deflections are determined by matching the displacements at the known points.

The technique is ilustrated for a simple-simple column with known deflections at the 1/6

points (n~ 5).

w w. a. sin- (in)

The symmetry of the odd characteristic deflections and the anti-symmetry of the

even characteristics can be employed to reduce the order of the simultaneous equations
necessary to solve for the zmplitudes (a).

1. 3 'TTI
sisin (- a in , sin

2 Tv 2n + 10 i

11 - + a: sill - a -....

G 1 6 3 6 -0

w a ; II a si nI ' a4  s In ;

W w1 5~
_. , sin ll - a4  sin -

6
The solutio0 is

I... .x 1
-- 3 .517 333 , '

/ W

333 7 33 3 W

a,".~' ' :. *:.' !

•4 i.UA64 1 - "

'-'.-''":'- a t w - \.) NN. -

•~~~~- ,,'.1 :.7



2. 3. 3.,2 (Cont'd)

.2 2
it~ shudbToedta T (2)it hold e ote tat 12 1

Similar solutions can be obtained for different boundary conditions and for dif-
ferent types of known deformations.

A rapid solution can be obtained if one assumes that the lateral dieflection is pri-
marily in the fundamnental miode (e.g., uniformn thermal gradient on a simple-simrple coIlmn).
Thus the values of the nondii-nensional parameters can be simply determined with a minimumi
amount of computation. A, a3 n examule, the simpl-simple column equation can be expressed
as

- ~o 2 i2) j/~) - . A 0(3)
92 ~ 2  1

TV Since

(1/ 2) '-' -_

Si vi mr cv press iovs call be der ived for the other bound aiv conditions.

2. 3. 1. : Axial Shortening

The initial a-xial sho rte ningz due to the appli cat ion of temperatdure anid lateral load
isdtrmined as a fuwi ion of the polynomial c'oeffl dents expressing the lat,'raldfetin

The axial shortening is determined as a fund on of the act ual lateral deflect ion r aher thai'
by a function of the an'pl de of the chuaatrintic modes, in order to imprwove the accuracy
of the solutIon (Nee Eq. 5 of Pamrgnrap 2. 3. 2).

As~. me thal the lateral deflect ion (w0 ) is readily available and is expressible as a
polx'noniial of the fourthl degree or less. 11igher deg rees of polomils can be treated in a
manner s ii liar ") that indicated below. Differentiating [tth, deflct ion result., Ill the "lope
(\,o') which canl o iqvau'd and Integrated over the length of the column to Obtain twice the
axial sbhortelnl

1. . a +- c +C 3 c 0 14 - (1 a)

"Vol 7 1 b,2c 3dP' +4 e(()

J-2 (w, ix- -- b' + 2be ---- 2Lbe 3ed GOc

l6cet 9dl 16e'-- 4d e -- j

T28



2.3.3.3 (Cont'd)

Typical examples for simple-simple columns are presented.

For Constant I-nermal Gradient(A )

hV

2

0 2 - 0+I(2 ) (

wo 2 2 2h T

w he re 2
mT A aT
T 2h

SUbstitUting b =mT wnd c -mrn in Eq. (1e)

results in1 2
V{A I"' T (2a)o 3

For Uniform Lateral Load (q)

o 24E 4

q

wcheult in 2 t-b
qq

q,[ q

-k2



2.3.3.3 (Cont'd)

It should be noted that any manufacturing or loading eccentricities will augment
the lateral deflection parameters (Ci and di) by causing an axial shortening when the column
is loaded, but should not be included directly in the &o (initial axial shortening because of
thermal gradients and lateral loads) of the compatibility equation. The "-ter,, eccentrici-
ties due to the various causes ai idditional and are included in the additional axial motion
of the ends. The axial shortening however, is not linear but is proportional to the square of
the deformations. Thus the initial axial shortening (Ao) must be computed as the difference
of the axial shortening between the column including the manufactured eccentricities and
the column containing only the manufactured eccentricities (woo).

2 2i.e. A J (wq' + wT ' +W') dx- dx (3)
JoT 00

2. 3.4 Spring Constant (k)

,The value of k to be employed in the solution of the problem can significantly
effect tile magnitude of the resulting axial load. A column with zero axial restraint (k - 0)
do(" not develop any axial load. The load incrzases with increasing axial restraint until
it reaches a maximium for complete r-estraint (k )

The value of k is the vaiue of the load produced by moving one end of the coilnmn
a unit distance in the axial direction reative to the other end (assuming that the colmn

offers no rzs Istimce) . Tsisthe stiffness cooff icjent def ined inl Sect ion 4, 2. Z 0f efereC
2-2. If both ends of the column are spring mounted, then tihe va'ue of k is determined by
putting the two end springs in series

I 1
.i-e."-."- - -

k -- +k +

whore k effective axial restraint

k , k axial restraint at tie ends of the column

The method of determining the value of k In a composite structure is Illustrated
below for truss joint.

The e iiiliburium equations are :

: , / 2 F 1 sill F Sin

A cu R F, Co. (2t1

AAsE

FI.1-E 2.3.4-1 DET.,-MlNATE
TRUSSk JOINT
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2,3.4 (Contt d.)

Por symmetrical geometry (E 0 F= AE)
______________2 2W 2

F1  F2 ~~-~ (2c)

1 2 Vsin0

F AE sine - (3 a)
k AE in 2AE sin 9

W4E A1 __

- 3~E 1  where E A axial stiffness of strut (4a)

For unsymmetrical geometry

For The losd will cause a non-vertical motion of ceniter strut and change the angles.
Fo small deformations the following relationships result:

F1 1- F2  (2d)

1 sinot tn 6.) sin@ 2(1 +cotO6 tan@0~

-2 2

~J-*"w-k 2 1 sine I A 2 E 2 sin@

.I " /A E1/ E

.. ~ t 11 /+E (3b)
. 2s sin3 1 (1+cot Y~ar.0 sn2  ( + cot@2 tan 0k)

E A E A
Thus +-_________

ktsi 3
1  tan 02 t tan~l

-, ( - A E sin~ 4 +- i
* ., ~. '~tan 0 1 ; 22 tan 02

This reduces to for ~ .~ symmetrical gn~ornetry.
~~~ k~ sin 0

2. 3. 5 ffect of Non- Linearity in Spring or Matcrial

Solu(.,.s to the axial load in tile columin can be obt ain(- even when thle axial re
''i 'straint and/or stiffness of the Column varies with the axial load.

STile sotution of a column with a variable axial restraint can he obltained iK super -

V.imposing a plot of thle flexibility iaramecter [EA. k EA/ tk (711) jas function of thle ax.ial

load parameter (vi i) upon a plot of the solution of the compatibility equation for the load para-

mietlr on7; K17 as a function of thle flexibility parameter. The first pltis otainled
diretly rom ilespring characteristics whereaIS thle seconld lplcA is obtainedi byvrv tl

WAitt~ to obtain differeat vlsofr .Tile intersection of the two )lots is

t itdin F igutre 2. 3. 5 -1, wvill result in at compatible solution.

'4' 4.2.31
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EA EA _EA

FIGUFF 2.3.5-i FLE)UBILITy VS AXIAL LOAD

otT (YT (L

aT

FIGURE 2.3.5-2 AXIAL LOP) VS AVERAGE THERMAL EXPANSION
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2.3.5 (Cont'd)

The solution of a column with a load dependent material stiffness (Es) due to
the plasticity of the material can similarly be obtained by a trial and error procedure.
Assuming a value of rn1 will determine a value of Es. This will determine a value of the

EsA
flexibility parameter kS. which varies linearly with Es; values of the lateral deflection

kC.
parameters (Ci) whose lateral load component varies inversely with E. and whose thermal
component is unaffected; and the axial shortening parameters (di ) which varies as the square
of the Ci. Corresponding to these values of T1 , values of dl can be computed and em-
ployed in Figures 2. 2. 4 to obtain values of b which can be utilized to calculate a T. The
actual value of TI1 results when the calculated value of cT corresponds to the correct

. value of yT. A graphical approach is illustrated in Figure 2. 3. 5-2.

This above method c. be utilized to solve a problem with a load-dependent
axial restraint and a load dependent material stiffness. The above technique assumes that
the axial and bending stiffness of the column is not significantly affected by the variation of
the stress through the thickness of the cross section but is determined primarily by the
mean stress (F/A).

2. 3. 6 IllIStrative Problem

The computation procedure for the approximate solution is relatively simple
and is illustrated for a problem which can be directly compared to an "exact, solution ob-
tained from Table 1. 5-1.

'The temperatiu-e on each face is constamt along the length with a linear gradi-
ent through the thicknoss.

1, 2L =31.62 10 , 10

'J -.- T =403°F h 101

z~ 0b I

..3....""cv 6(10) in /in: {, ;,., .. T . 3230 F" .-- 1 )

IE o2) pounds per square inch
= 2L i 31.62",:.::.@:2 ATi '17. - T -- -80 o 1,'

W q .0048 #/Iln. , '" T.1 363'

T - -
< . --s

: .w q .o , 4 8

w

k~o
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AXIAL EXPANSION

From Eq. (lb) of Paragraph 2. 2.4

T +To 1 -6
caT a 6(10) 323 =. 0021780

AXIAL SHORTENING

From Eq. (2d) of Par agr aph 2. 3. 3. 3

0 -m~ + . 400 m m +243 m
t 2 L6 T T q q]

but 2-

T 2h -- 2(.1)

and m q 4  +.08(10)6 _

q 4E -6 1 (1)3
(24)12(10) -

F' (2.4't; + .4(2. 4)(-.2~) + .24k3. 2)2 7.77 41

From Eq. (2c) of Paragraph 2. 2.4

/\ 2 2 2 2

iT hA)-

..- 24. 8 and =94. 56

EXPAN'SION OF CURVATURE

From Eq. (2c) of Paragraph 2. 3. 3. 3

w 0  -2~T~ 
6 q + niq4j(b

w0  ( m 2T ~ m + lmmq 42] (1c)

2.34
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Direct subLJftution i the Fourier sine expansion or the use of Table 2. 3. 3. 1. 2-1
will enable the determnination of the magnitude of the c'tirvatures. Direct substitution is em-

~ ployed in tnis illustration to obtain general equations for the case of uniform load and thermal
gTadiencs, TLhe Fourier coefficients defined by Eq. (2b) of Paragraph 2. 3. 3. 1, 2 are

S (0, 1) -

IT ~

From Eq. ('2a) of Paragraph 2. 3. 3.1. 2

C~ 2- T + (-12 in q) Q Tr9

q (lIT)

2.3
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The values of Cj are then calculated. The same values would l1 ,e obtained from Table

'C2. 3. 3. 1.2-1
2I

[cT ~ q)
t 3

-~~-J1.27324 (-2.4) + 1. 548076(+ .2)

=-3. 05578 + .30962 -2. 746

.2

2 - (3.05578) + - (.092

* 2

2 - - ~-(3.05578) + (30962) -'-609

7% 11
--- (3. 05578) + (A30962) -. 435

PERTINENT PARAMETERS

F~romi Lqs. (2b) and (4b) of Paragraph 2. 3, 1.

d1  S d r1  d1IjA i 2 ~2 1and
d 1 4 p I and

2
"I d 9276 92. 8 95

similarly d3 7

d 1.388 and d--b /3 - .1543 3A

dn
d .183 d /2 .007

5 5/5

d .047 =7d7 .001

2.36
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d. d- + d ++4.1
~ 2 ' . ~ '3 7  - . 1

and 8
d / d d

12?Il 3/32 5/~2 + 7 /72 162
'41/31

'I Employing Eq, fta) of Paragraph 2. 24 and including correction for finite sum approximation
A. of the Initial ;5hortoning (Eq. (5) of Paragraph 2. 3. 2) results in

8 EA (3)

&bsattfng the caloulat,&d values results in

0 -2f4.89 55-(455 -~ 94. 513) -92. 895 -(1. 234)

0 170. 20)3 92. 895pj (1. 234)T1

0z 137. 93 - 75.2~ b d -7

Entering Figure 2,2~.4-2 with h ~137. 93 and d 75. 28 r iults in the solution Y), .407.

AXIAL LOAD

From Eq. (3) uf Par,,raph 2. 3. 2

F A E T: (1, 1) (1) (12) (1 0 )b 8. 2 5 (10) .407 4. 017#

T LATERI . L DEFLECTION

( From Eq. (4a) ol; Par vjaph 2. 3, 2 2 C2 C

2.37
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1max 2 -. 407 9(1-. 407/9) 25(1-. 407 49(1-. 407j, :.oWm 2 [22761 (11.07. 60672) + _ 453

The geometry and loads employed in this illustrative problem results in para-

meters which correspond to an exact solution found in Table 1.5-1,

These parameters are

2

T] (T - TI) 12. 0

'4
£ 12W/w = = 3.0

T (T + T1 ) 108.9

A comparison of the exact and approximate solutions is presented below.

Exact Solution Approximate Solution

" - 1.000 - 1.005

.405 .407

F 4.01# 4. 02#

w92" 971wmla x  •,

Note that the approximate solution results in slightly larger values. The appro.i-
mate method, however can be applied to more general typ':s of loadings and boundary condi-
tions.

It should be notod that the illustrated example shown In F igure 1. 7-1 of Section 1 Is
solved by an interpolation of the "exact" tabular values, The approximate graphical pro-
cedure as well as the interpolation of tables procedure is subjected to relatively greter
errors in the vicinity of low load ratios. This is because of the greater relative signift-
cance of the higher modes In the graphic approach and the large slope of thz T vs X (as
Illustrated in Figure 1. 5-2 of Sectf . I of the tabular solution which permits large vari-
ations in X for small variations in T. Fortunately the design of the column is not de-
termined by this condition of low axial load. The interpolation and graphical solutions are
not subject to significant errors, however, when the L,-ad ratios are higher.

A comparison ot the interpolation solution and of the approximate graphical
solution of this report is presented as follows;

2.38



Interpolated Sol. Approx. Graphical Sol.

1k .524 - .607

F 27.4 37.2/Wm .16 .18
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SECTION 3 - APPROXIMATE SOLUTION FOR THE BUCKLING OF

ECCENTRIC COLUMNS

3.1 SUMMARY

An approximate solution = E 0 10  - s obtained,:i:!i,( ! E~ o "<" -< JSo /
for the buckling of an eccentric column which includes the effects of the stress level, the
stress-strain relationship, and the initial eccentricity.

The analysis technique is presented in a nondimensional form to permit the analyst
to consider various cross sections, boundary conditions, materials and degrees of eccen-
tricity. The type of cross section is reflected in i' e I/A ratio which defines the square of
the radius of gyration (r). The boundary conditions are ontained in the value of K 2

which consider the end fixity and length of the column. The material characteristics are re-
flected in material parameters (EA, c o B) which represent the stress-strain relationship.

The nondimensional analysis g-raphs are presented for several values of the eccentricity

ratio ( a) which may occur because of initial waviness, ec.cntric loading, lateral loads,

or thermal gradients. Analysis for intermediate vatues of the eccentricity can be conducted
by interpolation.

Illustrative problems are presented to indicate the computation procedure and the effect
of the Initial eccentricity upon the stability of the structure.

3.1. 1 Definition of Symbols

The following symbols are used throughout this section:

a10 (igtnal amplitude (eccentricity) of fundamental mode

.h Depth of cross section of the column
Length of column

m Coefficient expressing initial deformations of te column as a power series

q L-ateral load acting on column
r Radius of gyration of cross section
w Lateral deflection of column

A, Axal coordinate of colunn
Distance from referenee a xis

" Distance from reference axis to bending axis -

z Distance from reference axis to centroidal ,i ' zdA/ IdA)

z Distance from bending axis

A Area of cross section 1
C(, 1) Fourier expansion coefficient (C(j, 1) co-2 I T d )

E F Initial slope of the cT vs ( curve

" " ' Secant modulus of the U vs ( C-L'Ve (''(

.., Secant modulus at the bending axis

ET Tangent modulus, slo)e of the cT v ( - curve (Eo --

"T angent modulus at the bending axis

• .. 2



3. 1. 1 (Contt d)

EA Axial stiffness of cross section (EA E Ed A)

2El Bending stiffness of cross section (ElT Es z dA)

El Buckling stiffness of cross section Ift+XI

F Axial load on structure (compression positive)
F Buckling load of column with zero ecceiitricity or a linear material

F Buckling load of column = ~E 8 1 LI - QiP) ( __L }fl
FE Euler Buckling load (FE El

E 0)

I Second moment of area (inertia) of cross section Q1 (Z - )2j

K Stability consta-t depending upon bounary condlitions -and t bending stiffness,

26x o w 11  L
distribution along the column11s K ~ ~- y---

hi Moment acting on v'ross sections (Postie 11 eauises compression in positive
fibers),

Q Third moment of area of cross, section (Q~ (7, - 2o) /A
0 o

(S

T Temperature rise above datum)

a Coefficient of linear thermal e-xpansion
a Parameter tixpre8?3itg variation of Secant modkitulu in the cross s'etionj

19 ondimensknad pamet er emoloved in unalhcmatical dfinitin Qf stress55-
st rain ret athio sh ip (SmIct in of Rverunice 3- 1)

"W- Y, ~Norniensioa (1)0 mnrameter vxpressing the, avcrnae Nv:iri.in of thte t;tngont

moadulus in the 'ros.s section V I:I

1o V Differonce in thermai'l expansion
6 Operator deroti ug a 'snial I \:riat ionl

Ayin jial -amn of cross s'clioni
AMia strnin caused by strvss (~c C T)I

AN\vcragc,, asiil strain corre\spionding to an~ axi load V

* Axial strain at the bending axis

00

X Curvature
Nondimens5ionat :ixial (cordina1t e

C \AM stress of cross section (corn presshio plO'Wt

PAI



Van",3. 1. 1 (Contt d)

Axia aeeec tbening axdiiesioa scress -strain relationship (Section 3

of Reference 3-i)
0 Nondimiensional pa rameter expressing the variation of the bending Stiffness

along the lenglh of the column (c(x) = ffi/E 0 I0

/b 00

V.Nondimensional parameter (( A/9 0(A/1 1)T

SUBSCRIPTS

NI Caused by mechanical load
T Caused by temperature
1 Pertaining to the first (fundamental) mode

WA'.o Pertaining to initial or datumn

3. 1. 2 Discussion of the Problem

'The stability of a structure is a very complex problem. Exact solutions ex-ist only for
NOitvery few sp'ci al eases. Approximations must be attempted when the Alution is compflicated

by variations (reductions) of the stiffness wit the applied load bec ause of the resulting norn-

mnatv of the eqution Ile redu~tlon in the shitnssu is aued by ai non-iinear structural

lowlowerh he secant muodulu s and shifting the neutral n _ is.

Tremperiature, time, and W-' ece et e i is of the '-iruor e tend ul redt'ee the Ait ow-
able m agni tude of tho applied Oh ott Ow st ructuare. tElcv.ted ten m r.atu1, restedce, the stiff -

AW-h ness of the strue lure, Inc rease the non-linear It of the material beecause (of plast icity i t the
stresses eaused by the appliled Wn thermal stresses, an,! usual ly itnerease the ecent ri tv

0Aot the struecturie. 'he axial fore es acting thtrough thte vece t ricity of t he structure i nt ts, Se :
moments upon the structure whiceh increase at a g~reate r rate than the applied toad. hee
moments cause a varttIon of stresses th rough the cross sectins which can reduce the bend--
iin stiffness. ThV latrger the c entridciy the earlletr the i ul Uatlon of the non-li neari t' of the
materal and the lower the stall lt v of the strun: are. The bending sti ness can also decrease

moo ~with lhie because of creep of the mnaterial.

11wt apjproac ii, em ploved In l its sect ion to ex. nine the stabill tv of a column (I-i gure
3. 1. 2-1) ie to dete rm ine when the I net'cae of exernal Mom ent ACttnlg On the! colum1n cr'oss
sections tend to bveome greater than tue inc rease of inter nal momlent that Can be gener;Al d
by the cross sections. ['h aLxial load acting on the coumn ;a this time is the buckling load

and Isafntinohebudry conditions, the bending sti ffness of the cross sethIos, and
the rate that the beiiding mtili,,ss is dec reqsi ug. The bend inl stnes is a function of to
c ross-sectioni, the mazgniude of the stresses and thei r dl st ributon and the, stress-st ra n re-
at ionsh ip. 'he bending stiffness usualy deerreases with an inc rease in the applied load,

temper ature, time, or eccentricy vOf thL zolun. ThuN the cot I n becomes: unt ab *' when
the app I id load becotme,, equal to the buCklIng load WhichI is k1eterm Ied by the beudig sif
ress distribution and its rate of decrease. lThi s can occur by inc reasinug the aplied toad
and/'or decreasIng the miagnitude or the buckling load. lhe b~uckling load is reduced by the

ecentricity, the tuimp~xrat-ure, and timie as indiratod proviokisly,

3.4
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Mext

Vw- j xViewA-A

Te e oq

View A-A \

IV

FIGURE 3.1. 2-1 ECCENTRIC COLUMN SUBJECTED TO AXIAL LOALDS

The evaluation of the buckling load requires the deter: iinationo thesifssoth
column and its rate of change. This is complicated by the shifting of the bending taxis towards
the convex side of the cross section because the higher stress and strain levels on the con-
cave side reduce the secant modulus. The stiffness relationships, derived in Appendix A of
Reference 3-2, are employed with the stability criterion described previously to obtain an
approximate soluticn for the buckling load of the column in terms of the stress and lateral
deflections. The solution is then approximated in terms of average stress level and initial
eccentricity which can be readily computed. The initial eccentricities may result f'rnm the
unloaded shape, eccentric loading, lateral loads, or thermal gradients. Methods ot com-

IIIs "spulting the initial eccentricity due to load and temperature are presented in Section 2 and
zummarized in this section.

An analogous approach can be employed to transform the loads or stresses to
strains. Thus the column becomes unstable when tile average axial strain becomes equal

-W, to a buckling strain. This apl_-oach is most convenient for a nondimensiona presentat ion
of the analysia.

The solutiol, Is predicated upon the following assumptions:

{(1) 'The bendinp strains are small compared to the axial strains in the column.

() The temperature distribuion can result in del'orm at ions and reductions in
the meouli but do no! cause significant thermal stresses.

oo oRI1, (3) There is a ome-to-one relationship hetw. the ntress (ai) and 1h strain

for each fiber of the colmn. This a.sumes that there is no stress revrsat thuoughou,
the loading history. It is also assumed that the si rcss-strain ret1:11 ionship can he approxi

mated to a surlficient degree of a 'cracv by the rel at ionshoi [ 1
j1 ....... 0 1s n

defined and uscrbed in '.i(th 3 of Reference 3-1.

The approximnate solutio, which resolts from these assuimtliois is oa a
form which does not violate known solutions of special cases and is indicative of the strue-
tural behavior in ex:'eri nuents.

, L .,-

-. ,,&:? . -5
. ; . " .....



3.2 ANALYSIS

A column subjected to loads anid temperature (Figure 3. 1. 2-1) must satisfy' equillb-

rium. Thus the change in applied moment (M ~Omust be equal to the change in the internal

moment (M dThe changes in external moment arise from -hanges in the axial load (F)
in 1

~ .1an the lateral deflection (w). ( The effect of elastic supports in introducing changes in the
moment is reflected in the value of the stability c ristant Q), The change in t ie internal
moment is evidenced by a change in the curvature (QM and a possible change in the bending

A stiffness (El).

Referring to Figure 3. 1. 2-1, we note the equilibrium requirements.

ad M +Mn 0O (la)

-6 (m ) - 6(m (b

evaluating the change in moments, we obtain

-6 (Mext~ -6 (Fw) - F(6 w) +w (6 F)] (1 C)

and (t)=(d

VEI(6xW~b -b1(E
- F(w)I (6i~~xii (6 x~1  o( 1,,] (IC)

If the load is mnonotonic ally' increasing, then the colunin will fall when thle buckling
load (F1 ) is applied. No additional increinertal load can be aITplid so that the bueklinr-
load is defined by setting 68F equal to zero, The sv akigccti itn5llli ln
to fining the load on a stucture for which thle deflection Is undefined (Figure 9. 1 -1lb of

Atlo eerence 3-Y). If Is also eQuiawOtn to determi ning the load on the structure at which the
rat io of 6 F/6w iszero0, where 6 F is the inucre mental load necess ary to cause an i ucremenlt a

M Odef lect ion (6w). The l atte r huiekl ing cr itercia (6 F 6w 0) can also be e 111)loved to dem mill c
n 0A the stability of a1 columun Which exhibit's creep.

Stkttilig 61' v and F - F in equation (le) result-l in

- biw I w (t))3 LoM~x6E (2)

0:5 N1 N1 w\ N

6w 6E

Thus the uckling load is a function of the ratio of the change of curvature to the
change of late rzd deflect lon and ofthe11 bending stiffnies- nmod ified tic an1 express Sion iod i
cat i I g the rate of ciian1ge of bending stiffness with cuc ;ature.

toThe first ex\pressn lolAM 6 w is celat v cv simple to calculateA if wasume Otha

the defom ii modes of the g iveln str ucturae do not change as the axial load is- incri-ase'd
to the Aicklinig load. Thus it is assumlled that a pin1 ended volllmn o( const ant 1vindlng st ift

3,



3.2 (Contt d)

ness, which buckles elastically in a sine wave, will buckle in a sine wave even if it be-
comes plastic. This condition is satisfied as long as the ratio of the bending stiffness

distribution~~ (q()~x/ 0 ) along the column does not change- significantly with the

axial load. The stiffness can change due to plasticity but It Is assumed that the P ratio
does not change signifficantly. This is consistent with our assumption that the bending
stresses are small compared to the axial stresses so that the n: lerial mnoduli remain
approximately equal (for constant cross- ection area). Thus the value of 6xM/6W is

assurmed equal to the value of the "linear" column. This is the classical stability co-
efficient found in various textbooks which can be expressed as the curvature to deflection
ratio as Indicated above or by the general e ression of Eq. (1a) of Paragraph 2.3. 1.

f 2

X1  , ~w~~x - (3)

El J(Wlt)2dx t2

Values of K can be found In various texts (e. g. References 3-3, and 3-4).

As an example for a pin-ended column of constant EI (I. e. p=1)

6X _ \2~C 1 2 K
TM ___

(4 c
X

2

the effct of the bedn st s

or E- 1 ( (4b)
1T o 92 

2

v~~hCos dM Ex
A~3 ( k (b

K T"(4c
:3.
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and Y E= ETdz/zET. (5c)

Substituting Eq. (3), (5a), and (5b) in Eq. (2b) results in

o EI0 (1a r) (6)

* :The solution for the buckling load is now expressed in terms of geometry and boundary con-
ditlons (t, Ir, K),the stress level at the neutral axis (Eso , ETo) and the stress distribution0 SM ETo

M 5-!1 ). Unfortunately the stress distribution parameter a is not speci-

fically defined but varies in a complex way with the applied. load. It varies directly with the
curvature (XM) which increases nonlinearly with the load, inversely with the axial strain

(E o) which is defined by the stress-strain relationship (Figure 3. 2-1) and directly with the
0(-"E;o

stress distribution factor (I - ) which increase with load and curvature. Some ad-:---> So

, ditional approximations are required to reduce the solution to a simple form expressible in
terms of the Initial conditions. Each of the approximations employed introduces small
over-- or under-estimates of the buckling load. It Is hoped that the combined effect of all
the approximations will -esult in a reasonably accurate solution that considers the effects
of eccentricity.

.- E
T

or EA 1/ - E- [_ti Ad
A A

// 
IE

E3. 2-1 -STRAIN RE LATION iP

The first approximation is to assume that the lateral deflection will increase as a

rectangular hyperbola of the form

i~ wY

w 10 1
1 (7)1-F/F

.- i .. (i!!  FIGURE 3.2-1 ST .ESSRI EAONtP

~ ;.::., Tefrtapoiainstoas ethtteatrldletowi!iresesa



3.2 (Cont'd)

where w = the lateral deflection

W1 = fundamental deflection mode

initial armplitude of the fundamental mode

(The higher modes need not be considered in the buckling load problem since the
column will buckle in the fundamental mode)

F1  buckling load for a linear or straight column

PA where F K E I
1 p2 Soo (8)

sting The second approximation Is to assume that y has the magnitude of unity in evalu-

ating the value of a. Under the assumption of small bending stresses, the magnitude of
y should be very close to but slightly lqwer than 1.

The third approximation is to assume the average axial strain () to be equal to the
value of F /E A at buckling.

ISo

The above three approximations are consistent with the assumption of relatively
small bending strains and result in a slight underestimation of a and a resulting slight
overestimate of .

The final approximation is to evaluate a with the stress distribution which exists
at the cross section with the maximum lateral deflection. This assumption is made be-
cause the stability is primarily a function of the square of the curvature (see Eq. (3)) which
is largest in the vicinity of the maximum lateral deflection (for columns of constant cross
sections). This approximation of the bending to axial stress ratio overestimates a and
results in an underestimate of P1 and compensates, to some degree, for the overest!mates
resulting from the small bending approximations.

The approximations result In the following equation

K Ff~i 0 > Lo> 2/3jF. :-: EK To K - a(010 [- 1.sroio
2 So iS

TI o these approxi t ions cannot be rigmorosly justified bt the r l is an er ion
for the stability of the collnum11 that can be simply applied to the analysis of a very complex

:,:,,-t ..... tolled test program i-,i recommended to evaluate the accuracy of the resultiing: formulation
ad to supply empirical correction factors , as needed.

An examination of the experimental data of Reference 3-5 was conducted in Appendix
C of ,,feejenc e 3-2 trod indicated good agreement with the results for specimens tested with
eccentricities Caused by eccentric loads oi thermal gradients. The predicted results were
sl ightl' unconservative. Better agreement ean possibly be obtained between the experimental

results and the theoretical predictions by statistically determining the best value for the ex--
pr'ess ion ( a- 0/r). The graphs (Figures 3.3.-i through -1 0) can still be employ ed by m (1i -f th i ated value of al0/r. Additional test dta is necessary, however, to exa in in

the reliability of the above approxiwations for greater eccentricities and larger bukling
stresses than those reported in Reference 3-5.

3. 9:. ...< .,-. t, ,



2 3.2 (Contd)

Using Eq. (9), the average buckling stress becomes

. F1  ~ 2Ft alo\( EO'\ 2/3l

A So S

and the average buckling strain becomes

Cr r2F ao E\To)2/3

E 2 2

Sinc I. F, -/A K E SooI r2
Sinc IE -Jo K -(11b)

ESo A So

Fl / \/ E N 2/3
_/6 _lo (~ 01 To -- ' -- (lbC)

[11  \r! E&/ i

A EA
Letting ~ E ~ andA

Cr I Cr 1

We obtain from Eqs. (9), (10), and (lI1c)

yal -To
T C 1= E 0~ 1  (lid)

,Z-; . F 1  L 1 1  So

lie fa(toroI (a'3 1ThefcoL1- ~ ~ --~ / approximates the effect of the ec-

centricity id stress distribution. The effect Is more pronounced with larger initial
eccentricities or higher average stresses. It should be noted tit this time that 'the factor
was u.Jermtned for sections which were symmetrical about the cent roldal axis parallel to
the bending axis (Q0  0). Tne stability of the columin shouid decrease slightly with in-
creasing values of 00/[ as indicated by a comparison. of the bending stiffiiess In the

plastic range fnir Q0  0 with Q0  0 (see Eqs. (AlOa) and (AlOb) of Referenca 3-21

3.3 TECHNIQUE

The final formulation for the approximate solution for the buckling of an eccenitric,
column is presented by the non-linear Eqs. (9), (10), or (11) of Aub-'section 3. 2.,i Ils
neclessary to resort to graphical solutions in order to solve these equiations. In order to
simplify the analysis, a nondiniensiontl solution is presenied in Figure 3. 3. 1-.1 to -10.
The graphis are based upon the stress-strain relationship proscnted in Section 3 oi
Reference 3-1.

V7
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3.3.1 Nondimensional Buckling Curves

: , Equation (10) of Suhb-6ection 3. 2 can be transformed to

E~~~ F ~So)1/1()

EA Kr 2  E KI

0E E

AU
Utilizing the stress-strain relationship of Section 3 of Reference 3-1 (1 -

U0  -0

.<i:3 sinh ,;/u it Is possible to calculate values of E /E and E KE for various

value, of aia and given in values of j3. For a given value of the eccentricity ratio
:, :-(a /r) it is then, possible to calculate the value of 4), which would result in a buckling

gstress ratio ( !o by direct substitution in Eq. (1). This relationship is plotted in

-Figures 3. 3. 1-1 to -10 for a large range of eccentricity ratios. The argument 4 is a

function of the material properties (E / o ) and the geometry and boundary conditions

..... (KI/A ), The shape of the stress-strain relat'onship is represented by the value of B.

The method of obtaining the material parameters from a uniaxial test is presented in
Section 3 of Reference 3-1. The determination of the initial eccentricity which may be
caused by initial waviness, eccentric loads, lateral loading, and thermal gradients Is
discussed in Paragraph 3.3.2,

The graphs for small eccentricity ratios should result in fairly good agreement
with experimental data since the approximations employed should be satisfactory. The

'graphs for large eccentricity ratios are less accurate and are expected to be unconserva-

ti.e
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3.3. 2 Initial Eccentricity

The initial eccentric y must be evaluated in order to use the analysis curves.

Paragraph 2. 3. 3 indicated that the amplitude of the fundamental modes
can be obtained by a weighted integration of the actual lateral deflection or by matching
the deformation at discrete points.

Assuming that it is possible to express the initial eccentricity (wo due to shape,
axial load location, lateral loads and temperatures) as an analytical expression, it is
possible to determine the magnitude of the first mode by utilizing the orthogon. .ty be-
tween the lateral deflection and curvature (Eq. (2) of Paragraph 2. 2. 1),

Thus, if

We lo -- w. (1a)

then from Eq. (2) of Paragraph 2. 2. 1 we obtain for constant bc-ding stiffness ((o1)

w0 1 dx
a.'- (ib)

10(w X dx

The following formulae are applicable to columns of constant bending stiffne,.

when
w zm~j(2)

then for pin ends

ai = 2 Em so, 1) (3a)

while for clamped ends

a"= 2 m C(j 1) (3b)

when

2 m (4)

3. 22



3. 3.2 (Cont'd)

then for pin ends (Reference Eq. (.0a) of Paragraph 2. 3. 3. 1. 1)

M.
wj ( , - (5a)(j+1)(J+2)

and

Mn.

a1  2F - S(j+2, 1)- S(11,1) (6a)

while for clamped ends (Reference Eq. (4c) of Paragraph 2.3. 3. 1.1)

M.

2 .1893 .05066 2
3o .124 .755b)

F +2jj2

3.2

a______________-_jco,1)_-_(1 __ C(2,_1) (6b

1 (4+2)0+1-



3. 3. 2 (Cont'd)

For a pinned end column of constant EI and constant linear thermal gradient.
0

-/Q: T oc
- f T _-mo we obtain from Eqs.(5a) and (6a).

Tm
o 0+2 0

(0+1)(0+2) = 2 2

m 2In 2
o (t 0 5)

W /2 2 8 8h

m

and a 0  2 S(2, A) - S(1, 1):i. nd a0 (1) (2) L

In -2

a1 0  2 o 1893- .3183 -. 129 m - 1 (7)al0 -T 0

A second method of obtaining the initial eccentricity is by matching the displace-
ments at a discrete number of points. This requires the solution of the set of siniul--

w.taneous equations WI() = a w. ( ) for the value of a. and is described in Paragraph

2. 3. 3. 2, The approximation a W (1/2) is a solution where only one point, the de-
0 ?o0

flection at the center of the column, was matched. The accturacy would increase with the
number of displacements which are matched, although the matching of the center deflec-
tion of a pin ended column with a uniform lateral load or thermal gradient results in a
satisfactory determination of the initial eccentricity. The accuracy also dei 'ds uponI the form of the lateral deflection. For example, a matching o' the mid-lengi, s def lee-
tion for a pin-ended column results in a more accurate amplitude of the fundamental
mode caused by a uniform thermal gradient (parabolie) than by a constant eccentricity.

3.4 SPECI\L CASES

TIer xist special situations for which the exact solution is known or for whichengineering appro:,imations have been accepted because of experimental data, The

plausibility of the approximate formulation, )resented in this section, is reviewed by
degenerating it to tliose situations with which the analyst has had some experience.

3..24



3.4.1 Linear Material

A material whose modulus Is independent of the stress levels E 0, EE
T

ES) Is described as a linear material. The value of (1 - E T/E So) is Identically zero

Sand no reduction of bending stiffness occurs. The eccentricity (a 0 /r) does not affect the

stability and buckling occurs when the average axial strain attains a value of K (with

_Kthe load equal to FE = - El) provided no fiber is stressed to its ultimate strength.

This corresponds to the classical "Euler Column" whose buckling load and strain are
well defined because of the lineaity of the material beyond the buckling stress. A column
with a large slenderness ratio (/r) would behave in the manner described. Although the
nondimensional stress-strain relationship includes the linear case (letting f = 0), it is
recommended that the actual value of 0 for the structural material be used ,,ven for the
case of low buckling stresses. This will permit an approximation of the effects of eccen-
tricities in causing extreme fiber stresses that may be beyond the "proportional limit"
even when the average stress is very low. The deviation of the stability of a structure
composed of material which is non-lin ,r to a slight degree from that of a linear material
will be insignificant for small eccentricities but may become significant for large eccen--
tricities.

3.4. 2 Perfectly :aight Columns

The perfectly straight column does not bend when subjected to an axial load. This
condition is virtually impossible to attain experimentally but has some theoretical value
as a mathematical model. The column will be stable -is long as the axial strain remains

2
below the critical strain K -I-- since a is zero. Any lateral excitation of the column

2 1

below this value of the critical strain will dampen out whereas it will magnify and become
excessively large when the critical strain is reached or exceeded by the column.

3. 4. 3 Small Initial Eccentricities

The effect of the eccentricity upon the stability of the column is small when 'o

eccentricity ratio (a 1 0 /r) is smnall. An uipper bound upon the stability load will Ilway,,
be F1 whichcorresponds to the employment of L5o1o as the effective buckling stiffness
of the cross section and a critical strain ofK r 2/t 2.

U-Ker the conditions of continuous loadings (E , E a) and small eccentricities
So TonaM ' TO hc

1 " 2, the lower bound of the stability load will be ,r!I-2o 1 T which
L02'

3.25
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3.4.3 (Contt d)

corresponds to the employment of ETo I as the effective buckling stiffness of the cross
To0

section and a critical strain of (K

This lower bound is satisfactory provided the eccentricity Is not too large. Thie
bending stresses become more significant in determining the bending stiffness as the ec-
centricity Increases. An eccentricity ratio exists for each column beyond which the tan-
gent modulus stability ceases to be a lower bound. This eccentricity ratio can be obtained
by equating the tangent modulus load to the eccentric column load.

-10

Equality results when - l-E To E
r 6

A value of (a0/r less than 6 results in a tangent modulus load
10

that Is conservative with respect to the eccentric column load (i. e., E ToIo E) whereas

a larger eccentricity ratio will maka the tangent modulus load unconservative. The value
of the critical eccentricity ratio depends upon the material and the slenderness ratio of
the column. This is Illustrated in Figure 3. 4. 3-1 which indicates the effect of eccentricity
on the stability of the columns described in the illustrative problems. The tangent modulus
loads stops being conservative for eccentrivity ratios between. 2 and . 5 for the columns
analyzed, and the critical eccentricity ratios are indicated in Figure 3.4. 3-1.

3.5 ILLUSTRATIVE PROBLEMS

The computational techniques are illustrated in the following problems:

Find the buckling loads of the following pin ended columns of constant cross section
iilustrated in Figure 3.5-1.

-. a) t, 100" (Slender column)

T." 343OF =257*F b) , 100/ 62. 1" (Intermediate column)
Sc) 100/ 10 31.6" (Short column)

A A Constrained to bend
q * 1 f,\ about this axis

F, SEX A-A

FIGURE 3.5-1 COLUMN SUBJECTED LOAD AND T E ATURE

k:':.>':;:U :-.-.2.



3.5 (Contd)

The temperature is assumed constant on each face of the column with a linear
gradient through the thickness. Material parameters are assumed for 2024-T86 at the
mean temperature of 30O* F to illustrate the computational technique. The actual values

A must be determined from standard material tests.

Material Properties

The following material properties are assumed:

12(10)-6 in/in/oQF
7

E 10 psi
A

5000 psi

00

A Initial Geometry

.2A 0. 1(1. 0 +3. 9+1. 0) .59 in
2 1 34

1 2(. 1)(2) + 12 ( 1) (3. 9) 1. 30 In~
0

2 2
r I /A 2. 2in

r =115 in

E E 2 7
A K1 A Kr 10 ~2 2.2 4.4

o At o0 ~ 5(10) (l0

2
=2 Kk 2.2 22K21 2 2 2

Initial Eccentricity

Because the temperature distribution is linear through the thickness we can utilize
Eq. (4) of Paragraph 3. 3. 2.

a (T1 T
(a10) 129 -h t,2 .129 - h 0 , 1

~o) .129 c(T 1  T) 4, 19(1) -6 (33274

3.28
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From standard reference texts the lateral deflection due to a uniform load q is

oq2

From. Ea. (3a) of Paragraph 3. 3. 2

(aoq 2 E [S(1, 1) - 2S(2, 1) + S(4,i)]

From Table 3. 3.2-

(a0~ 24 El 318,; - 2(. 1248) + (08814)] =013066 q~~- (2)

10 q~ . 013066 (1)-!
rA .08( )

r (10) 7(1. 3) (1.15)10

It should be Doted that

5 4 4
OR )(atx t.2) t' = .01302 i- -~013066 qe ((w)(a =q2 384 EI EI El a1 0 )q

and

X h ~ .1 a aT 2

(wO) (a t,/2)~ .125 (a~2l

te This indicates the magnitude of the errors which can be introduced by approximating
teamplitude of the fundamental mode by the deflection at. the center of the column are quite
salfor a pin ended colun subjected to uniform lateral load or thermal gradient.

The initial eccentricity ratio is then calculated as follows:

(a11 0 ) -OT, 1

100 10 -~.28 4 08- .08

= 10 0/j -o03 08 A610.28

a 1t 0/I 028 + .0008 .0288

13. 99
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Stability

Referring to the appropriate graph of Figures 3. 3. 1 results in the determination
of (G1 /a ) for the given values of fi, 4 , and (a 1 /) The effect of the eccentricity, which

is expressed in Eq. (lid) of Paragraph 3. 2, can be evaluated by comparing the given ralue
of (I to the value ZD which corresponds to (jo)for a straight column (Figure 3. 3, 7 --1

-E$A-
with a1 0  0). This value of i - 1  corresponds to a material and geom-t.-y

0

parameter for a straight column which would buckle at the same stress as the eccentu
column and is a measure of the average axial strain in the column.

4 7a) For ZL 100, E A 10 ,CiO 5000, and ~ 0001 we obtain

~4. 4, c .0022, and .36.
r

From Figures 3. 3. 1-7 and -8

__-4.4

0

C1 4.4(5000) 22000 psi

F 1  A 22000 (59) 13000#

From Figutre 3. 3. 1-1

4.4

4. 4/4.4 J (no effect of eccentric~ty because of the
large slendorneos ratio)

~= .0022

b) Similarly for kL 100/V/

... 13, c1 0066, 1 a 10

From Flg,.. e 3. 3. 1-6

0

Cr 9. 7 (5000) 48506 psi

F 85 00(.59) -28500#

3. 30
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and from Figure 3. 1. 1-1

10V5 Of.80

0066i(. 80) =.0053

c) For k, 100A116

9 a10
44, .022, arid *-- -0288

Cr 13.1

C', lx. 1(5000) 65500 psi

F 65500(,59) =38500

=38 4 ~~38/44 z..87

=.022(.87) =.0311

The eccentricity ratios a,,,, were sufficitntly close to av-ailable valuea; That there
wasi no need to interpolate between graphs. Plots can Q~ made to show the v ariat ion in the
staliliy of a given column with the ini al eccentricttv mot can be uti lzed if inerpoloton in
required. These plots are shoxvn in Figure 3. 4. 3 - I for the three Qjong, inter inediate and
short) colum-ns ana' <zed above. The vauets correipon.-ing ',o aneffective mnodulu,; of E,

a.re obtatned fromi Figure :3. 3. 1-1 (21-0 o) aid the Valu- s coYrre-sponldig to an otfective

modulus of E, -ire obtained fromt Figutre 9. 2.. 1-2 ol Reference 3- 1. The iotc, Indicate

Ahat "Y K Is always uineons3ervative and El I bE.e noscxdv '
o q. I_ Too0

th0 v.ic ilnity of . 2 ~..5 for the analyzed c 1 ur is. It shboould be~ noted that the re-

duict ton in the stabilitv of the long coltumn is least whil Ithe1 redioni in t he -stnhl~ly o1 th~e
nteri.ed inte column is greatest with the short cot nmn Oweced to :ln intermevdiate degri>'

Thlis is hweause the rednetibn in the si ahil iv of the occentric colunin dependis bO uponi the
AS50 eccecirc it' and the stress Il.eels attn i ea by the coluiz Thet lung i> dun-ur has the lar.gest

_ .m:ecceiit r ic it 3atio hilt has '01-v low. :L\-al tirlte,le short cohltil i ry haac vh ial :

sires sys lit veye' small eccent riLiiC \0610i l thle ilite r mcdi :ItC eCOt on i has Ii , ict.'Sc s s
and 1moderLately high eceenlt riCiti-2s;

C t is interesting to nte( the( contriljit ions of the variouls I actors inl redulCing? thc

stailit. ol thle colunni1 heILAY the ' Euter Vo 1' -. Th factors . iii tihe

stabilIi t y st iftiness Canl rouighly divided into two parts. li! Wit part vepcescns tNo re,

duction il thle zLxiai s;tifi ness dule to thle plas-ticilty Caue ae 'Vg stresse l lin djv
00-thle proportional Ii mit %)f the maatorli. The s ecoid part represents whiaitioil reductijons in

3. 31
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the stability stiffness because of the eccentricity causing a shift in the neutral axis and
a rate of change of the bending stiffness.

fom Equation (2b) oi Paragraph 3. 2 can be transformed to the following approximate

frinorder to evaluate quantitatively the destabilizing effects of eccentricity and plas-
ticity.

E '-/E INoo iI El ~E So' I E
So So Ell (' I~+l kF E I 1 j\ ' -)0

where

F is the buckling load of the eccentric column

F Is the Euler buckling load

E> I
~O 0 Is the factor representing the reduction in axial stiffness

FI/E~ I Is the effect of the shifting of the netral axis
Soo0

-n--~--j s the effect- due to the chango in the bending stiffnvsn

Thfe numnerloal %caiculqtions. for the destabil1izt-g )ffects are summarized in Table

3, 32



TABLE 3.5-1 STABILITY RATIOS

DESTABILIZING Pl. NIOMENON LNT FCLM

100 =o/W ~o//h
Reduction in Axial Stiffness

a, (Plasticity Effect)

EI F1
E0 -F 1.00 .73 '30

Further Reductions in Stability Stiffness

~~ (Ecceiitricity Effects)

-~~ ~j'~ a) Shift of NeutalAi
El22

a_ 22 1.00 .97 .955
o0

c) Rtical Stan Rateio-TotalfEcentsct

Effec 22 2

I -- 4u 1.L00.8.9E FI
So

3-) Crital H. Strain Raioona actroiity h lic~j , -ccn c lin

Inc r 1952.86

Stblt tfoes Rerucimenta ~rs nlssPprN.64 a91
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SECTION 4 - AXISYMMETRIC LA RGE DEFLECTIONS OF

CIRCULAR PLATES SUBJECTED TO THERMAL AND MECHANICAL LOADS

4.1 SUMMARY

This report is concerned with the nonlinear axisymmetric analysis of circular plates
with in-plane edge restraint Both temperature and mechanical loads are accomodated as
an extension of investigations performed for the isothermal mechanical loading problem
(References 4-1 through 4-4). An exact mathematical formulation within the framework of
the v. Karman large strain-displacement relations (Reference 4-5) is developed. The
equilibrium equations and boundary conditions are then derived by utilizing the calculus of
variations for arbitrary axisymme'rical temperatures and normal distributed loading. The

7. satisfaction of equilibrium and conipatibility equations requires the solution of two simul-
taneous nonlinear ordinary differental equations subject to the prescribed boundary condi-
tions. Analytical solutions of such equations are apparently not possible and therefore num-
erical procedures must be employed.

A finite difference procedure utilizing "relaxed iterations," developed by H. Keller
and E. Reiss (Reference 4-4), and employed by them for the solution o.* isothermal problems
with apparently unlimited load parameter ranges, is used here for com'~bined thermo-mechani-
cal problems. Numerical results are presented for the special case of a simply supported
circular plate with radially immovable boundaries, subject to a uniform pressure and an
arbitrary temperature variation through the thiclmess (no planform variation), These re--
sults have been obtained for a large range of temperature and load parameters. However,
because of space limitations, only a limited amount of data Is presented In this report.

. 4.2 INTRODUCTION

One of the basic assumptions of the classical iinear theory of platen is that bending
action does not induce significtmt midplane stretching. It is further assumed that stresses
and deformations produced by loads md restraints in the midplane are superposible en the
bending solution. Thus, coupling between the two effects is not accommodated by the clas-
sical theory. When the deflections are not small compared to the plate thickness, midplane
stretching Is no longer Insignificant, resuiting In a nonlinear interaction between bending and
i membrane stresses. Therefore, large deflection theory must be employed.

It is the purpose of this report to Investigate the axisymmetric large deflection prob-
lem for circular plates.

The general formulation presented cons9iders arbitrary axisymmetric temperature
,. and pressure variation, where the von Karman large strain-displacement relations (Refer-

, c-:: ::: ::: ence 4-5) are utilizedl. These assume infinitesimal strains anod finite but small normal do-

dw 2
flections ( ,) Is of the order of the strains, but small compared to unity). The remain-

Ing assumptions are those of classical plate theory. This formulation is more completeV than the conventional linear theory in that the rpsults are valid for deflection magnitudes
several times the plate thickness, Moreover, buckling and postbuckling behavior are em-
bodied in the analysis.

4.2
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S4.2 (Cnt'd)

' , Numerical results in nondimensional tabular and graphical form are given for a
simply supported circular plate, with full boundary restraint to radial movement, sub-

" jected to uniform pressure and arbitrary temperature variation through the thickness.

-: The following symbols are used throughout this section:

:b Plate radius

i:h Plat thickness

,r Radial coordinate

rr nondimensional radial coordinat

: u Midplane radial displacement

. iSu b  Midplane radial displacement at plate edge

U : : Radial displacement

"i ) ! , ! i i i l . : ! : ' : w Normal deflection

i : . ww nondimensional normal deflection

;... .:z Thickness coordinate

... ::. .... Eh 3
":.k .'" ":...D -- ,flexural rigidity

......... : -12(1-v 2 )

K Relaationparameter

:.:.'.:M ,Mt  Radial and tangential bending moments, respectively

;'. '.:i:')"iMr t Nondimensional radial and tangential bending moments, resp,.',,A ;y

,,=: .",..-h/2

:: : ; MT No, dimensional form ofMT MT

:-- -:N! N Nt  Radial and tangential membrane forces, respectively

' ,:V:..-, ,.i!4.3



4.2 (Cont'd) h/

NT { f d
-h/2

/ NT Nondiniensional form of NT

q Normal pressure

Q Nondimensional normal pressure

T Local temperature with rebpect to an unstressed and undeflected datum

U0  Strain energy density

V Total potential energy

a, Coefficient of linear thermal expansion

Slope

e r etRadial and t-,-gential strains, respectively
0 0

e r'%Midplane radial and tangential strains, respectively

El astic in-plane edge restraint

v Poisson' a ratio

4bnondirnensional stress function

01 Finite difference value of 0 at the i th. grid point

4 Stress function

Radial and tangential stresses, respectively

b/ 2

Finite difference value of 9at the iI th grid point

.4.
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4.3 BASIC EQUATIONS

4. ~.1 Stress-Strain - Displacement Relations

The von K~rmran large strain - displacement relaticms for the axisymmeti train at
any point In the plate are given by

du* I (4w) 2

er -dr 2 dr)

t r

~frwhere u*(r, z) is the radial displacement of tie point and w(r) is the deflection normal to
the undeflected midplane (Figure 4. 3. 1-.1).

h h 2

r

FIGURE 4,3. 1-I GENERAL AXISYMMETRIC. DEFLECTION OF A TYPICAL POINT IN
THE PLATE

Assuiming plane sectionis to remain plane and normal to the deflected middle suirface,

dw

IJ U dr(2

4. 5



where u u(r) is the radial displacement of the midplane. From (1) and (2),

2 2jdu d w dw
rdr 22dr

ir (3)

u z dw
et r r dr

6 The Last (nonlinear) term in the first of (3) do,-. not appear in the conventional small
deflection theory. From Hooke' s law (neglecting normal stresses in the thickness direction),
inctuding the temperature 'IT", there results

E

)~ I~ t

An integration of (4) through the plate thickness yields'

~~6 ~h/2 (-o
=N f cy dz E

Nr r ~ 2 r t Eh T

(4a)
h/2F

1 0
N a, odz 2N, o _

-h/2 -(+

where the midplane strains are given by

rO dii 2 d

(4b)
t r

t In what fOllows, It is asISSrned th~at aT a T(r, z) but that E (and hence D) is constant.



4.3. 1 (Cont'd)

h 12

NT Di ETdz .(4c#

Th/

Multiplying (4) by z and then integrating through the thickniess yields

-h/2

fh/ dr dr

-h/2
MT 5Ectzdz(41,)

-h/2

andr

-h2

Uz Ea z(e
T = f 1

Subt~ttix~ f-he2 stanrlton 4 fPrgah4.3 no()yed

QK~~~~ji4<. Fo Soa~~lywls etraintsn Poenia Ee-theotbudroh oa et~lo h lt

Thd extraoain g pysermntoflm is given by thefolowngequatio6):

U etat4. 7
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4.3.2 {Cont'd)

b h/2 b

.jV 2nj'f rf U dzdr -2, qwrdr + bu 2  (3)0 b
o -h/2 o

where q is the normal. pressure, X is an elastic restraint per unit circumferential length
to radial displacement of the boundary, and % ] .From Eqs. (3) of Paragraph 4. 3. 1,ubur=b
and (2) and (3) the potential energy in terms of the displacement components and temperature
becomes b

h/2 2
V 2!L~u rT d + r r + r dr - 1-

-h/2 L

02F 2 2Y 3
+T 2-o 1 d> + w ~ 9 d

EL2 r dr r dr-.n2 wr 12 ~ .
J)J o

h/2
4M ldw d MT(

N~-- 2r N _

r dr 2r dr) r~1-

A.

and the follwingiboundarxconditions

andssme reuart of e.8V % . The s uonf a the ceiainte requ0)ires th Mrqaidibe
dw (2fiie.uatipieihton-=0ad t

V M4 1 d.T



4.3.3 (Cont'd)

(2) r b

(i) w prescribed or [DVFwv + + N r 0
dr L1-t'jrdr

(2b)
21

d2 dw i)dw +(ii) w' prescribed or D+

The second of the vaitos( )rlts i~r

-- (rN )=O (3
Nt dd

with boundary conditions:

rand Ntfinite. This implies that u 0 (hence N r = d (4 a)

(2) r=-b

(U-t ) 0 or u prescribed. (4b)

The two equations (1) and (3) contain three uniniown functions of r; i. e., W,
N and N A t'aird equation is obtained from the necessary condition that these three

r t
quantities yield a set of single-valued di spl acem ents, it ind wv. A statememt of this
requir-ement is obtained by eliminating Li from Equation (4b) of Paragraph 4. 3. 1, which
results in

0 0 0
ft t r d..

Substituting (4 a) of Paragraph 4. 3. 1 into (5a),

dN N ~ (il EN (N N2 5b

Equation (3) is automatically satisfied by a stress function ' defined through the
relations

=rN

r
(6)

N
dir t

4. 9



4.3.3 (Cont'd)

Substitution of (6) into Eqs. (1) and (5b) results in, the following coupled set of ntn-
linear differential equations

4 1id ~W> 1 -DV w-~~~ q - a- * (7)

and

21 (d
2 r dr 2 2r dr) dr dwT 8

where

V2 1id d
r dr dr

V 4 ~V2 V2

A more covenient frm is obtained by introducing the slope 8wihyed

dr

d di Id d I d(

and

2 r Ir 2 2r dr, T(1
dr r

Equation (9) nmy now be Integrated with respect to r, resulting in

D (6 1. Lsq(1)-1'0 )2 r dr (11)I

The EqB. (10) andi (I1I are to b-- solved -.ubjact to the boundary conditions (obtalned
from (2) and (4))

(ii) B(b) prescribed (Rnw-n il )pe)
(12)

orr

'lw.I
D ~ ~ ~~~~.0 (orda iiigmnet
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(iv) r ~ + NJ 0 (elastic radial restraint "Vi' at r=:b

0 1

Fdr r ~+ N~ prescribed (known radial displacement at r=b

The above differential equations and boundary conditions can be expressed in non-
dimensional form as

6+ r r
- 2 M*~ UVTr1 r

2 (13)

where:.

- < <

b

d

-b.

4

N1, b

Nb



4.3.3 (Cont'd)

The boundary conditions become:

(1) 0(0) 0

(2) 0 (0) 0

(3) 9 (1) prescribed
or

0 (1) + 0(1) M.() 0 (14a)

(4 ~1±Q 0 (1)+Nt" (1) 0

-) 0 (1) + 4T (l) prescribed

The set of nonlinear differential Equ ations (13) and accompanying boundarv conditions
(14a) are not amenable to analytic solution. Numierical procedures m-ust be used to obtain
solutions for specfe values of the parameters. A finite-difference approach is pres-ented
below together with numerical results.

4. 12



4.4 NUMEIRICAL 1INVESTIGATION

4.4.1 Finite Difference Procedure

The procedure developed in Reference 4-4 is employed here f, the combined thermo-
mechanical problem. In particular, we consider the case of radially immovabl edges

in (14a) of Paragraph 4. 3. 3) with simple suoports for bedngweeq anid N x
0.0~~~T T osat(uiomT

contan (nifrmpressure and temperature which varies only through the thickness). For
this problem, (13) anid (14a) of Paragraph 4. 3. 3 reduce to

-2
LO Qr (1)

and

e (0) 0

T

0(i) -U, 1)+ NT 0

where

-. d I (d
L r r-

d r r dr

anid the othier noncimensional quantities are as dlefined prev'iously.

Acentral difference rclprcz;cntationl of tile differential eations (1) illthfoown

foi the interior points:

Lv n

where for ani arbitrary function ,

j:4. 13
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1 i+ +.5 +1 i4 i-.5 ~-

m number of subdivisions

1 m

The finite difference form for tie representation of the boundary conditions may be written as

0o

Mb
T - 1 6(1 "

om- ______________V _ 1 (4)
m (n + v~)

N b'
rn-I D

where backward differences a re used! for the end point r

Equations (3) and (4) Constitute a set of 2(ni ) equiations in the 2(mi 1) unknowns
BU.(i -0.1 ,2. .. in). However', thetse' algeb raic equations are both coupledl and nonline:1r,

a nd cannot be solved in cliosed formi. A rl:Iiteration'' techiniquie is eniployed, it- whichl
the iterative forms Of VqtuiOtions (3) are w ri'ten as

Fi.~ 1 Li 2 ]n(5n)
n'n

ri -l. KI 4Q ) (5 b)
11n nl

2n--i.. n

nn

(1.) Substitution of O j into (5aN andI making use of the second and four-th of
Eq. (4) yiel~i as~' of (i-1) tri -diagonal, linear l ri eqaton from

4. 14



4.4.1 (Cont'd)

(2) Sus ginl into (bb) again yields a set of linear equations from

which the provisional values a Jn+l for the next set of iterates are determined.

(3) The actual value of the next set of iterates Fi n is obtained from Eq. (5c)

where a suitable value of "relaxation" parameter is employed.

(4) Iterations to convergence are performed.

4.4.2 Numerical Results

'Based on the procedure Indicated, results are presented in both tabular and graphical
form (Table 4. 4, 2-1 and Figures 4. 4. 2-1 through 4.4. 2-6) for the simply supported solid plate

with radially immovable edges.

f ::::]! : .o The nondimensional deflections (w), membrane forces (N and Nt) , and bending moments

(M and M,), presented in the graphs and tables are defined as follows:

F-.'. --W
w h

2
N b

r
N"
r D

"Ntb 2

tFN
t 1)

M b2

::,. (1)

2
Mb

and as defined previously,

- rr 1

2h/2SEb2  /1+_ r

Pb- 'I

"T D ,
4-./2

i'::.:: , :'4 .1'
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Stresses (in nondimensional form) may be obtained from these formulas (Reference 4-7):

b rh 121 r T-
D T

(2)

bACT N Tb 2

~z[ t]12 (1+ V)- -T +±ND h Ih

A discussion of the numerical results follows.V(1) Thermal Buckling

The thermal buckling problem of a circularjplate due to an aver-age elevated tempera-
tu re thirough the thickness (proportional to N.) where M -Q 0 and radial edge displacement

T
is prevented, is equivalent to the mechanical buckling problem of a plate having an edge tliru 4
corr-esponding to a prescribed edge displacement. lt Is shown In Reference 4-2 that buckling
can occur only when the edge thrust exceeds the lowest cigernvalue of the linearized buckling
problem. The critical Fhrtuqt corresponding to this eigenvaluc is given by (Heference 4-5):

2
(2. 05) D~

un (3)

Sinc, fr te terml poblem, th -hust (up to buckling) is given by

NT

r -. ~i-.') '(4)

thou from (3), (4), and the definition of N we find that

N~i 2, 94

TPhe postbuckling behavior of the plate is given by the noilineaIr anialysis; thle numlerical results
are presented in Figure 4. .2-1 and the first five, suib-tablos of Table -4.4. 2-1. Trhe table em1-
ploys a floating deci mal numnber system which it, :o be interprotcd as showni hy thec following

0. 5159E 00 (0. 5159) x (10 )0. 5159

0, 5159E 02 (0. 5A59) x (102 51.,59

0. 5159E -01* (0. 5159) x (10 )0. 05159

4.18
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4.4.2 (Cont'd)

Figure 4.4. 2-1 shows the variation of the nondimensional deflection, membrane stress
resultants and bending moments with the nondimensional radial coordinate r, as NT varies
from 0 to 100. It is noted that for 0 < N < 2. 94 the plate is undeflected, and the two-

T
dimensional linear elastic solution holds, yielding stresses which are conctant over the plan-
form and zero bending moments, For higher values of NT' Figure 4.4. 2-1a shows nonzero

deflections that increase monotonically with increasing T For low values of NT, the

quantities N and N are compressive (Figures 4.4. 2-1b and c) throughout the plate. With

higher value T (25, 50, and 100, for example) deflections in the central region appear

to be restrained by tensile membrane stresses, while in the vicinity of the plate edge the mem-
brane stresses become compressive. Figures 4.4. 2-1d and e indicate that for small NT (but

)':i., -!} i:above that causing initial buckling), the maximium moments in the radial and tangential directions

occur at the center of the plate. With larger T maximum moments are away from the center and

approach the outer edge as NT increases. The radial moment, in particular, exhibits a strong
"boundary layer" effect (sharp gradients near the edge) in meeting the condition r I 0.

L r4-*-r= 1U(2) Bending Due To Combined Thermal And Mechanical Effects

:"': Starting with the sixth sub-table of Table 4.4, 2-1, nondimensional numerical re -
suits are listed for the thermal bending problem (Q 0), corresponding to the following com-
binations of thermal parameters:

fT= 50, 100, 1000, 2000

N =0, 2.94, 5, 10, 25, 100
T

For a qualitative discussion of the results, we refer to the grapihs of Figures 4. 4. 2-2
thrugh 4.4. 2-6 in which mechanical loads (74 0) as well as temnperature are cosdr.

(a) Deflections (Figure 4.,. 2-2)

For low pressures (quantities proportional to Q) the deflection in the plate lnterik r
becomes constant for large temperature differences (quantities proportional to Mm). This

flat deflected shape is m,lntalned almost to the plate edges where the boun ry requirement
of zero deflection causes a boundary layer effect in \hlch the deflections drop precipitously.
This effect becomes less pronounced as the pressure loading increases. However, it Is
interesting to note that even for high pressure loading (Figure 4.4. 2--2d), the plate still tends
to flatten out in the central region as the temperature difference increases and, contrary to
what would be expected, the deflection at the center does not in all cases increase monoton.icallv

..., ,!with the temperature differeuce.

..2": 1b) Membrane Stresses Figures 4.4. 2-3 and 4.4.2-4)

With Increasing temperature difference between the plate faces, the radial and
"tangential stressets tend to become constant and equal to each other in the plate interior,

V, ", .
.,,:.,.,,:4.18:
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4.4.2 (Cont'd)

as in a pure membrane. This effect is evident even for high pressure loading, (Figures 4.4. 2-3d
and 4d). In addition, the magnitudes of these tensile membrane stress resultants increase with in-
creasing temperature difference and normal pressure while they decrease with increasing
average temperature (quantities proportional to NT). This is to be expected, since increasing

the pressure and temperature difference each cause additional middle plane stretching while
N tends to neutralize this effect. The membrane tension Nr, decreases locally as the outer

Tr
boundary is approached, where the gradients are most pronounced. This negative increment
AN , may be responsible for the abrupt reduction in tensile hoop stresses (Nt) in the vicinityr
of the edge (Figure 4. 4. 2-4). For the larger values of average temperature, the high tensile stress
resultants Nt in the plate interior reduce sharply in a boundary layer. Low temperature

a .differences permit transition to compression near the boundary (Figures 4. 4. 2-4b and d).

(c) Bending Moments (Figures 4. 4.2-5 and -6)

The bending moments in the radial and tangential directions are constant
and essentially equal over the major central area of the plate. However, radial moments
decrease radically near the boundary, satisfying the zero moment boundary condition. Due
to the predominantly flat profile of the deflected plate in the interior for large temperature
differences (Figures 4. 4. 2-2a andb), It maybe conjectured that the constant and equal interior
moments are the same as would occur in a clamped plate subjected to the same temperature
gradient (since such a plate will remain flat). To show that this is the case, we proceed as
follows:

The bending moments in a fully clamped plate subjected to R thermal
gradient through the thickness are given by (Reference 4-8)

M TM

r Mt 1-u

while

w0
" or, in nondimnsioan form, using the notation of (14) of Paragr'aph 4. 3. 3 and (1)

fr 'Nt 1,T

This result io readily verified by Fguntres 4. 4.2-5 and -6.
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TAB LE 4. 4. 2 -1

NONDIMENSIONAL DEFLECTIONS, MEMBRANE FORCES, AND
BENDING MOMENTS FOR A SIMPLY SUPPORTED CYRCULAR

PLAT IWITH RADIALLY IMMOVABLE EDGE

(P ages 4. 215 throug -4.35)
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SECTION 5 -AXISYMMETRIC STRESSES AND DErLECTIONS IN SHELLS

DUE TO THERMAL ANT) MECHANiCAL LOADS

5. 1 SUMMARY

This section considers the axisymmietric stresses and dot tections in heated shells
under load. Basic equations, applicaoie to general shells of revolution, are derived in

YSub-section 5.3. These are discussed and applied specifically to conical shells (Sub--section
5. 4) and cylindrical shells (Sub-section 5. 5) where solutions to the differential equations
are given.

ng5. 2. INTRODUCTION

The purpose of this section is to present the theory:, for the linear elastic analysis of
shePs, of revolution subjected to axisvmmietric mechanical loads and tompc-ratun Y. The
formulation used is the linear, vesion of the deeomn ie yE.Rise Rfr
ence 5-i), extended to include the effects of temperature.

The present work i., exact with in the framework of linear shell theory and recmo'- r
the following restictions of the more elementary presentation in Section 7, Volume I t, lef-
erence 5-2):

(1) The niaterial in Volume I was limited to the cases of truncated con ic-al and
cylindrical Whells.

(2) The Jevelopumt in that vounm was apl 'rox imate for the conical shells1 and,

(:) The tenipe ratu i-c as constant through the thickne.ss-, i .e, -only merdoa
viation wvas Permitted.

. m' ice thie mnai n object ive of tis section is to devoi p the general equaltions govering
....... ...... ......the anal -1s of ax isvilmetric slhot Is, nit aimlai enrphisi s is place-I noIon obta iining speoiftc

numerical x-esults. H ow~ev-er, problems i nvol vinug interactiton between shells and bulkhieazds'
rediscussed and, for the purpose s of i Iust rat ion - the general solution for conical and

0-cylindr ical shellN ar-e derived. Nunt cal results are given for an unrest rai ned cylindri-
cal shell ,,ubjected to a prescribe-d tenipet- ra ure vat-iation.

The fol low! ng symbols ar-c used throughout this sect! on:

h hcit thicknes

r l)i Stance ft-out a gener-al point 'lihe nr-fi an to the axsof t-evoln tion

s ~M er id tonal coord intaw-,

5.



5. 2 (Cont'd)

U Displacement in the r direction
xv Axial displacement
z Axial coordinate

D Flexural rigidity, Eh~
221-

-*7AE Ycung's modulus
G (s), H (s) Load - temperature functions defied by Eqs. (1b) of Paragraph 5. 0, 2 and (ib) of

Parag-raph 5. 4. 2, r espectively
H Horiz.ontal force per unit of circumferential length
K Curvatue

L Length
Ni Moment per unit of length

*N Force per unit of length

TN j~EXT~d(~ .j X'dC, respectix'etv
* P Surface traction (force per unit of area)

P1 ho11rizontal and vertical components k.. P, respeci etk

A. Shear force per unit of circumferential length perp-endicular to Mhel mid-plane
11 Radius of c Under
T Temperature cisc above unstreSSed undeflocted datum
v Vertical foroe per unit of circumferential length

13flotation of mieridional element
Strain

* Thickness coordinate
& Azimuth or hoop angle

nX Coefficient of linear thermnal expansion
V oibAonWS i'atiO

* Mei~ilnalcoordina-te

Anagle between tangent to meridian and the horizontal

2p

SUhBSC RIPTS

o, 1Refor to shveU o&ge7s
c, p Complementary and particular solution, respectively
1, I itial and final respoctively

AN . In the mnerldional direction
6 In the azimuth or hoop di reettov

In the meridional direction

5, :i



5.3 BASIC EQUATIONS

5. 3. 1 Configuration of a Typical Shell Element

Since this study is concerned with axisymmetric problems for a shell of revolution itis sufficient to consider a typical meridional element before and after deformation due to

loads and temperature (Figure 5. 3. 1-1). Positive directions for loads and displacements
are as shown in the figure. The equation of the meridional curve is expressed parametrically
by

r r(~

z z(.) (la)

where , is the independent variable which defines the position of a general point on the
meridional mid-surface curve. However, the quantity t may not have the units of length (for
example, , may denote an angle). In order to define length along the curve in a general man-
ner, we introduce the quantity a a(), such that a differential arc length ds is given by

ds cda. (ib)

'u~i : But,

dr dr ._ r'

dz dz z (Ic)
ds adC ay

:.g{{- " :Therefor'e,

t2 2
(rt) + (z'd) - , (1d)

%VhlCh de~fines aY.

We consider that the tangent to the meridional curve before deformation makes an
Sangleo with a radial line normal to the ax is of revolution, the angle after deformation is
designated by (oi R). Other quantities in the figure art, 'elf-explanzatory or indicated in
the nomenclature, and moment vectors are obtained usi , the right-hand rule.

5, 3. 2 [kill'l E:(uationq

In~ the foi lowi n - derivation the forces J"I- unit of Circumferential length are designated
b" the components (N,,Q) or the statically equivalent components (V, li). The relationships

between these two sets of forces art given bv

Q V cos - ii sin .,

N = V sin , 4 Ii co, 0

where, in tlj ,i-ar .heerv, the initial configuAItion is e plIoyed Zn Writing the f; l'C

lowi.ibrium equations (term in R neglectod).

A\ free body kliagr'im sho\-iug tckpiihbrikim of f, r"cvt' (Figure't 5. 3. 2-1) yields thet fol-

"I ow::} ng(:.'lols

4X)
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5. 3. 2 (Cont td)

[Hr +Hi adjd 6
ce d

~PH ad rd@

Hrde

(a) FORCES

Vrd9

,6 / [M~ r + -F ( M dd

A I-

M Cos 0d 6a d

(h) MIOMENTS

M rdO

FIGHE5. . -1EQIlLIBRIUM OF" FORCES AND) MOMIENTS

SThis represents the vector sum of the hoop momcnts shown in Figure 5. 3. 1-1. Since the

vectors3 represctnting the hoop) moments form an angle cos dO(neglecting termis in f
their resultant Is of magnitude Mi cot )d@(Yd~wil the dire-'tion ais indicated in this fire.

,5.y



5. 3. 2 (Conttd)

(rV) 4-r uPv =0 (2a)

(rlth'-oN 0 + r PH= 0. (2b)

From the free body diagram of Figure 5. 3. 2-1b, moment equilibrium results in

(rM,) -acsM aQ0.(3)

5. 3. 3 Curvature Changes and Mid-Surface Strains in Terms of Displacements

Consider a meridional element of the shell mid-surface before deformation (Figu're
5. 3. 1-1). The length of this element is given by

Coso (Cos 0

After deformation, the new length is

d rt +u') d
f Cos (cp±4

where is the rotation of the element. Thus9, the meridional strain of the mid-surface is

d L - d. i ,_ .

f I co's Cos0

COSC) COS

rCos (0 +)

(1+X~ co,~ .)1 2 i?
COS C

If we neglect terms higher than order 2,the linear meridioaal m1dsurfije. train hecomesl

rl Cos (

or

+' Z'

I t should be noted that the derivations In this section Involve diviIsion by quanitties r and r'.
Subsequent derivations also Involve division by z'. Therefor'e, ait points where these quanti -
ties become zero, the resulting derivations and equajftions beeojnA vai Niyhen pport
limiting processes and regula~rity conditions are imposed (see. Pziragraphs 31wan 5.5)



5. 3. 3 (Cont'd)

The hoop strain of the mid-surface Eq is a measure of the increase in circumferential

length per unit of length and is therefore given by

" 
(2)

r

In order to obtain bending moments in terms of deformations, it is necessary to de-
termine the changes in principal curvatures of the shell mid-surface. From the definition of
curvature, the change in meridional curvature due to deformation is

K ,4 + pK.. . . (3a)
S ad ad a

The hoop principal radius of curvature is defined by the length of the normal line tc
the surface which is bounded by the surface and the axis of revolution. Thus, the change in
hoop curvature due to deform'ption is

'Bin (p+ ~)sinQ

20 r

Again, neglecting terms of order higher than 8 yields

BCos ~ 3b)

5. 3. . Stress-Strain and Moment-Curvature Relations

The stress-strain relations for the shell mid-surface including temperature arc-
given by

c . -,, ( + 1 o 1 'E

1 -K(1)
ay = ___

: 0. (Q + [O1 - -

wier A. Is the coefficient of linear thermal expansion. Assuming that tie strains axe linear
througli ihe thickness of the shell, the bending strains are odd functions of and therefore in-
e gratton of the stress-strain retatlons through the thickness yields

NTN

orc de ( (2)....... . ..../ .. ... .

where

:- .E. ""d:

V



5. 3.4 (Cont t d)

For purposes of obtaining expressions for the moments, it is further assumed that
normals to the mid-surface before deformation remain normal after deformation, and that
mid-surface stretching due to bending is negligible. Then, employing the stress-strain
law, integration of the first moments of the stresses through the thickness results in

C ~ M
MA. jr UCdC=D K +vKe i

(3)

m h a d( =-D[ 1% fPKj

where
h3

D

Substitution of Eqs. (1) -(3) of Paragraph 5. 3. 3 into Eqs. (2) and (3) gives the force re-
sultants and moments in terms of slopes and displacements

N -' - ! 1 + V" N

EhL r r v~1 z'f

M D F i+ T~ L?-1 T l

whore~~~~ CO hsb e emload

Thoe aboe 4oa be s obin e withEq. ()t l

A~~~~~~~~~~~~5 coptblt9odto ntro ffrerslat n lpmynwb band

C)mnto fted~lcmntubtenI"s 1 n 2)o aarp ,3rslsi
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r(N .vN +NTi Eh'
NCLJNe TN T + (5b)

5.,3. 5 Formulation of the Boundary Value Problem

() Differential Equation

In the following development, it will be assumed that V is known at one of the
shell edges (V =V at )so that from static equilibrium Eq. (2a) of Paragraph 5. 3. 2,

rV r V -I r aP d .(1
0 0 .j V

This implies that V is a Iiown quantity throughout the shell.

Then the quantities Q, N N H1, 11 NM may be eliminated from among the

seven equations (1), (),(2b), (3) of Paragraph 5. 3. ,ad(b n S) fPrgah5 .4
to vield a differential equation for the unknown slope . After deta~led calcutlation and con-

idrble simiplification, this oquation may be written in the form:

ar (Y ( r

z r, (r L r I

\~~~~~~~ (() ~ ~ i. .L!L'-:r (Y~ lv r

((Y

a- rr~ r f 7 y- I)

a ~ ~ ~ 5 10za (



5. 3. 5 (Contd)

where

La L7& r + ~ r1/\r;

The Equiation (2) is the general differential equation governing the linear ainalvsis for stre8Ses,
and deformations in arbitrarv shells of r-evolution due to axisvmme' -ic loads and temperature
(see, however, remarks made in footnote. page 5. 7).

(2) Force Resultant, Moment, and( Displacement Boundary Coniditions in Terms of
th,,e Slope B.

Sine te dffrenialeqatioa 2 ili terms 01' the dependenit variable 8, it i-,

advantageous to express the force resultants, miomnt an islcnutaswlashe

bonary conditions, as fninctiotns of this variable. 'I'he derived quantities are g;iven b

+ r~t 'T + U

r +

N +~

(.3b)

-- V + -

ra Q}ra a 1)

(3c)

T

D a /rt~

ItI

ar 1 V'F a -~(3d)

1e T

r+ +

D~5 11(
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C-ML:l+r' ~ l (3f)9a c -

N ,r
u y (N- .Nh Eh (3g)

w Zt (Ne 'N@+ NT') + r, jd . (h
Eh

The str-esses ma;' then be obtained from

CT MN + (4a)

+ +.. Ly± r + T) (.4b)

Typical boundaw conitions can be expressed in terms of the above derived
quantities as showni by the following examples:

clainpte ig. at

- ~ ~ k I-<0(5;

(b) Pillined Edge t

Lu j~ ~ J 0 (b)

(c) reeEdgeatL

0

(d) spcffied Radial Load 'Hlo a nd 'Nieiidiouial Moment ''N-101, 4t odge C

n Z' " c (Yr) Lr "T''

1,

H. 12
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In order to apply the di lleren~ial equation (2) and bounduary conditions (3"o a
specific shell geometry, the quantities r, ou , z roust be determined fromi the equation of thle
shell meridan. Specific examples for the cases of conical and cylindrical shells are pro--
sented in the followng paragraphs. In general, the map L coblerm envountered in solving
Eq. (2) for a given shell of revoin involves 01)1atihnng tile cornplentent arv soluthio or a
fourth order differential equation witui variable coefficients. Usuoaly m osed form solutions

Y .v re not possible. llowevecc as mvay be obset ved from au inspect ion of the ri ght hAn& side of
Eq. (2,the introduction of t emperature does not ooniplicate matters, since ik cnter s ill a
form analogous to te rms resulting from m~echanical loads.

The boundary rnl litions ( Eq. (5d) ) arc of ifmllwln'aic e inl colisitoer itg the iltet'-
act ion of the shell wiThI both transverse circular bekheado -in other shellis ni revo"ution.
Once the linear response to edge load, and nihmouts is dete rroi ned from a solutio of Mb. (2)

5K.M .subject to boundary conditions of the type (5d0, i amtue ne e oof fi i cts to zvknowni and jutt inat
loads at the junctons of shells and NOW&l asnmav bo evauated by i in o pir m'pml ii itv awl
e'quit ibrikun conditlions onL slopes and ddeflc ons. A tiescri ption of the procedure to 1) I,-
Ouwed is given in detail in Volume 1, Sect ion 8

5.4 CONIICAL SHELLS

I~4 Basic t'qk-t ions

A meridional section of the cone and the coordinate ns, is shlown inll ue .4

/ T

.. I/VA

A".7
*/Q/

l*'~ul I 54*. 1-1 CoNl G() C Il tCRY

Refe rri x to Eqs. () of Qaragrah M. 1. , wv c loose the i udel'c ult w artable is
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5. 4. 1 (C'ont'd)

fromn Muhch it follows that

r S Cos 0

= s i

IS= Ceos0 (Ib)

'At 1z sinll',

where crconstant has been vniplPr; ta d pr quar; ti x i 0(20ate differentiatinn vi th re-

uo sioxe quant~ xtc ay be subs[I ted inton the geeal diitfi'ent ia! equati:on (2) off
l'ara;c' .~ Ave r nov it 021100 the resultig ciiffece a;tial equation f(r the UinQai all-

3 1 ::'

:45S S*t +s - 5 1>p win c.

* r S c

r Ai

-600 .0,

We'( urti minsidr th - ~ j'Ci;\ case ot r.wrmi; ::i :Ss urusonru T IO von 0tc5'

and F,. rohuces to

45~ ~ *21' 1-5 t~oN

slo It



& 5. 4.1 (Cont'd)

Correspondingly, he ex[)res'10fl5 for the force resultants and MOnu .is .LO obtained
from Eqs. (3) of Paragraph 5, 3.5 .are given by

N + ~ -B- -s~T1(a)

N I '
S

SO

1p.e
-81 R

'~k-.>~~I-S C

S '<'<Z3.;"

I 44

rr
50

wh..

y-.

lona am! .tNl It M&'t "as.1.ire\b% 4- I (flt'fttcv 50i vKer, nrocw it ,%a I'

Swork on *;'!,' flIY\o"hC ts. c"1

Ackus a- ar'Lomnfllni int~ MewP=

0 Low

TM 20
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Then the homogeneous form of Eq. (1) becorncs

d dd 1 d d 4\d d. \

foThich theoltion isfatrbes

1 1 3

C d)

frwithe patcrsolution ofE.()inbsaiyotiedi h ucinl~)i x

3 3
-~*&>' Vwhene, seetng thae sl ntions hefr of efrs involvin inra owrers o.fteremc

2 1

c 1 + a (7)+

p=2 2~ L
ke kike + kr 5

&~~vI ~~' d

9'~ ~'1-

Th prtcla sltin f q () a b esiyobaie i te uctonHs)ise
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where the a are given by

2 PI (P) (m ) 
a H(-1) [ 1.2 (p-m+2) (m+l),

The total solution to the cone problem is $ = + p and the constants A, B, C, F must
C p

be determined from the four boundary conditions (two at each edge). For the special case of
a full cone (so  0), finiteness of stresses at the apex requires that V 0. Further, regu-

0

larity conditions on stress resultants and shears, require that "C" "F'" 0. Specific
solutions for the full cone then resolve themselves into the determination of the two con-
stants "A" and "B" from the boundary conditions at the base.

The Kelvin functions and their first derivatives appearing in Eq. (5) are extensively
and accurately tabulates In R-ference 5-4 for a wide range of the argument. The form of
solution developed above is readily adaptable to numerical computation using digital cor-
puters. Parametric st&idies to determine stresses and deflections can be made.

5.5 CYLINDRICAL SHELLS

5, 5. 1 Basic Equations

T~he cylinder and the coordinate system is shown in Figure 5. 5. 1-1.

. ..,... 5, -xv-

FIGURE 5.5.2-1 CYLINDRICAL GEOMETRY

We choose s again as the ixlcpendent variable , however, since r' 0 for the
cylinder (see Figure 5. 3. 1-1), then as indicated previously Eq. (2) of Paragraph 5. 3. 5 is
not applicable In the form given. The equations for the cylindrical shell are more readily
derivable from the conical shell equations (which were developed from Eq. (2) of Para-
graph 5. 3. 5). Proceeding in this manner, If the equation (3) of Paragaph 5. 4. 1 is multi-

plied by D the quantity 1replaced by Co") and the appropriate limit as (-2' r -11, Is
5 8 rtaken, there results, for the case of normal pressures,

+ l + T
2 (1 )

5.17
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Simitarly, the limiting process applied to Eqs. (4) of Paragraph 5. 4. 1 for the force
and moment resultants yields

N RV 1

NS V0

Q - [i" + -V - (2)

Zj

- V

An alternate form of the euilibriumn equation in terms of the racaial dflqplacement com-
ponent "iu" can be obtained by integrating Eq. (1) once. noting, that B-u' . This results jin

TV Eli"
Dlu I- -u P ~ ~ ~ 3

lr 1~v H

where the consta nt of intiegratin is given by the last termi on the right. Substituting - -u into
Eqs. (2) the force andi moment resultants ar e

N 8 V0

Q I flu (4)

1At,-

M)L

inlte fruation of Eq. (1), for all1 sets of boundarv conditions; involving ,thle

solution may be integrated once to obtain u. Thie constant of i[nttcgrat ionl is determined fromn

5. 1 8
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the prescribed value of V. When using the formulation of Eq. (3), however, V appears
0 0

ex-plicitly in the differential equation.

5. 5. 2 Solutioni of the Differential Equation

Equation (3) may be written as

4
4 IV
4

where

Rh Rh7 for v 3O0).

and

CPs + __ +- -p1 RI (ib)

The comiplementary solution of (1a) is given by

u 811,111 -A st n± A.,cos)

+ 1 s~h (A sn- +- A4 Cos(' (2)

A particular solution can caziiy be obtained if G(s) is expressed as a polynomial with
terms of the forni

k
k~)k 0, 1, 2.. MY. (3)

Then a particular solution corresponding to G(s) Ck(8 can be determine-d by afisumning

-- ,this solution in the form of a polynomial in (~i)of degree K~ and substituting in Eq. (1).
There results

k
C k %3

5. 19
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where

4(C#S - 41 ~-) k J-

and
kLi]Greatest integer <

'The comnplete solution correspo~nding to G(s) Cis then given by

U U± (5)

k=0

Tite constants AV A A, must be determined from the specified boundary conditions at
the ends of the cyinder. Tis requires the solution of four simultaneous, linear algebraic
eqains -noder to tlrn~ ilte necessity of solving four equations an approximate method

in References I-n maoedsrbe sflos

of) sllni whichtHe lete dcios ncdrefsslvis correponing o siteou tuasltion

eac forer thouonc(ntns is usaed genivey. (T)hI geeals this soltin will not asf

(2) taededgeman momes ndoad are the l edbagpied toth seiifne ylnde suc til hat
wntirl effects ae stesead one oltons of (1) opste eondarhi coniion at eah edg
tile satsfd e threll arsest two conditions to be met at eachvaentge ani- ther i.30 wnosueJ~intera7tion ofed e nequlithy. for eachede the ollutio ofet shottickucltanouieqal ishntwo

nws(one Dheaerman ohe bedin momnt) srequi cre nigttepriulrslto

A freu )v "trcteahell is subjected to ) a n elen eeraturis shon wilno sigre

;rW t

Ark""..~~~~~~~~~~~~~~~~~~~) 20 demm~ n od r hnapid otesnii~ieclne uhta

when thWefcsaesproe nte 'ltos f()tebudr odtosa aheg
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variation through the thickness of the shell is assurned to be linear. It Is required to de-
termine, the stresses and deflections.

T0

T(I+A)

LL

FIGURE .53-iILLUSTRATIVE EXAMPLE

Procedure:

The temperature distribution Is given by

and therefore

N r xJ TdC E Ti h (

2
h

2z
MT EXjh TCdz-~ -E)J' 1 T~~

Referring Eq. (I b) of Paragraiph 5. 5. 2, Adnce no meochanical loads are appjiftd,
M, N

P V 0, and TEq.(Ii) of Parag raph 5. 5. 2 becomes v~ Ll .:- ~ .

The right hand side can be written in the formi C 4- C

w~here C HA

5. 21



tg1'
..3(Conttd)

Then f-rom Eqs. (2), (4), and (5) of Paragraph 5. 5. 2 the solution for the displacement is
r gven by

sinli s (A sinl- + 2 Co CO Ah \3

w
+ A~o~)+~. (+ I)

The boundr~ary c(nditions for free edges are

Q 0 at s- o, L.,

~~" whioh from FEq, .1 of' llaragrap 5.5 1cn be written as
,rpt 5.51c

Du0 at -=0, L. (2)

I~4 '1hv e('nstmois A in E ''q. (1:) arC (det ermi ned from the boundary c, : lit ions.

Force resuamh and mow i~uity a'e then 10(11( by sulxstituting into Eqs. (2) of Paragraph
5, 5, 1, Since the ealcul athn details ire straightforwa nI only Te resul ts arc shown.
V igu cc 5, 5. 3-2 gives not'ne nskjnal defierctions , force and moiment resultants fOr Irthl
a cylinder p wi Ili 10 am aO~C i o climde r co rre'sj)x)ntinV to L./k 50. Tlhe graphs

end of the so infce sul~ected V5 h higher thermal gradient. In general, these pweak values
show~ ~ ~ ~ ~ ~ ~~~~yin~S thtarhOSlnlrbcoe ogr tepa e lting an stresses1 approaM the

tend to increase in nwphn Ai~i ifL eo h, longer gvi des ioingnslargadent I the
vicinity of the edge.

5. 22
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